CMSC210 Discrete Structures of Computer Science (Fall 2003, Sections 1 & 2) 
Instructor 


e Nobo Komagata, komagata@tcnj.edu, Holman Hall 229, Office hours: See the instructor's on-line weekly 
schedule 


On-line Resources (required reading) 


e =Web page: http://www.tcnj.edu/~komagata/cmsc210/03f 


Course Description 


Concepts and structures fundamental to computer science. Declarative programming techniques will be used to 
explore discrete structures. Topics will include logic, relations, functions, word algebras, induction, and recursion. 
[Prerequisite: MATH127 (Calculus 1)] 


Learning Goals 


The first step of computational problem solving is to transform a real-world problem into a computational problem. 
This process requires an ability to identify and formally represent real-world objects and phenomena. This course 
introduces tools and techniques to perform this process by way of achieving the following content and performance 
goals. 


Content Goals (core concepts and other associated objectives) 


— 


Understand that computational problem solving begins with modeling real-world objects and phenomena. 

2. Understand that this type of modeling can be done through formal representation involving mathematical 

structures, consisting of sets, relations, and/or functions. 

3. Understand that mathematical structures can be analyzed with respect to the choice of components (sets, 

relations, and functions) and the properties associated with the components (e.g., reflexivity for a relation, 

associativity for a certain binary function). 

4. Understand that logical statements can specify certain mathematical structures. 

5. Understand that the connection between logical statements and mathematical structures is not necessarily 
simple; in general, there are many ways to specify a certain mathematical structure, and many mathematical 
structures may satisfy a collection of logical statements. This situation is inherent in mathematical modeling, 
which can make formal specification difficult. 

6. Identify and analyze certain commonly observed phenomena in Computer Science, e.g., operational structures, 
ordered structures and Boolean algebra, graphs/digraphs/trees, languages/automata, and discrete 
probability/counting. 

7. Understand the connection between informal reasoning and formal proofs, a systematic way of manipulating 
logical statements, consistent with the intended mathematical structures. 


Performance Goals (expected outcomes and abilities to be observed as a result of successful learning) 


Model a variety of real-world phenomena as mathematical structures. 

Analyze whether a mathematical structure satisfies a collection of logical statements. 

Specify mathematical structures using logical statements. 

Analyze, distinguish, and relate mathematical structures, especially those commonly observed in Computer 

Science, with respect to their components and the properties associated with the components. 

5. Identify cases where (i) different set of logical statements satisfy the same mathematical structures, and (ii) a set 
of logical statements satisfies multiple mathematical structures including unintended ones. 

6. Convince others that the modeling process is logically sound, using proofs and informal methods of 

justification. 


eS 


Course Modules 


The main part of the learning goals involves many abstract concepts. In order to become familiarized with these 
concepts, this course proceeds in four modules, where the degree of abstractness increases gradually. 


A: Informal Analysis. This module is an informal overview of the course. We will touch upon many essential 
components of discrete math informally, i.e., with minimal use of mathematical symbols. By the end of this module, 
students must be able to state general ideas about modeling processes and the connection between the essential 
components of discrete math. 


B: Formal Representation. Although intuitive understanding of the topics is more important than just being able to 
manipulate symbols, the informal approach has many limitations, including precision and conciseness. In order to 
overcome such shortcomings, this module introduces formal notation used in discrete math. At the end of this 
module, students must be able to state the ideas developed in Module A using mathematical notations. 


C: Mathematical Structures. By this time, students will be able to communicate with other scientists/engineers 
using the language of discrete math. With the help of the formal notation, we will be able to discuss more easily a 
collection of mathematical structures that are commonly observed in Computer Science. By the end of this module, 
students must be able to see such mathematical structures in certain real-world phenomena. 


D: Logical Reasoning. Another important aspect of modeling is that the process must be convincing. In this 
module, we will practice how to make logical arguments, which are relevant to modeling processes. As a result, 
students must be able to convince others about the logical soundness of such processes. 


Assessment 


This semester, we introduce self-evaluation as an integral part of the student assessment in this course. There will 
be three in-class evaluation workshops for Modules A, B, and C, and the final evaluation workshop during the final 
exam period. Three assessment components are described below. 


e  Take-home exercises: 35% (Module A: 5%, Module B: 10%, Module C: 10%, Module D: 10%) 

o Given at the end of most class meetings, and due at the beginning of the following class meeting. 

o Each take-home exercise will be "checked" by the instructor (not formally graded at this point) and will be 
returned to students with feedback. Students must respond to the instructor's feedback in writing by the end 
of the respective module. 

o By the beginning of the respective evaluation workshop, students will file a self-evaluation form 
(preliminary form for Module A) including their exercises and responses to the instructor's feedback. 

Students propose and justify a grade between 0 and 10 for the entire set of take-home exercises for that 
module. 

o Students are also encouraged to provide constructive feedback regarding their learning experience with 
take-home exercises. 

o._The final take-home exercise grades will be assigned by the instructor, after reviewing students' self- 
evaluation. 

e Comprehensive exercises: 60% (Module A: 5%, Module B: 15%, Module C: 15%, Final: 25%) 

o Given on-line at least 3 days before each module evaluation workshop and at least 1 week before the final 
evaluation workshop, and due at the beginning of the evaluation workshop. Midterm comprehensive 
exercises will contain (tentatively) 2 to 4 problems and the final comprehensive exercise will contain 5 to 8 
problems. 

o During the corresponding evaluation workshop, students will form evaluation groups of 2-3 students (to be 
specified by the instructor for each exercise problem), discuss their work, and fill in a self-evaluation form 
(preliminary form for Module A) for each exercise problem. Students propose and justify a grade between 
0 and 10 for each exercise problem. Students must quote other student(s) in the group in support of their 
evaluation. If only some student in the group were able to respond to the exercise problem, students must 
exchange ideas regarding how to respond to the problem, still quoting other student(s). In case no one in 
the group were able to respond to the exercise problem, students must document their difficulty, again 
quoting other student(s). Students may refer to the course materials including lecture slides and the 


textbook. Students submit their self-evaluation forms as well as their comprehensive exercises at the end of 
the workshop. 

o Students are also encouraged to provide constructive feedback regarding their learning experience 
involving comprehensive exercises. 

o The final grades will be assigned by the instructor, after reviewing students’ self-evaluation. 

e Mini project: 5% (Phase 1| at the end of Module B: 1%, Phase 2 at the end of Module C: 1%, Completion at the 
final evaluation: 3%) 
o Mini project is due at the end of the designated evaluation workshop. More details are described in the 


project page. 


At the end of each evaluation workshop, students will submit a collection of documents (may be called "portfolio") 
required for that module. These documents must be bundled in an organized manner, e.g., in a manila folder or a 
large envelope. All take-home and comprehensive exercises must be attached to the corresponding self-evaluation 
forms in an appropriate order. The documents will be kept with the instructor, but students will have access to them 
as they wish. 


In general, regular take-home and comprehensive exercises will be of a similar type. Many of them will be set in a 
more or less realistic context. Some problems will be open-ended, like many real-world problems. The main 
difference between regular take-home exercises and comprehensive exercises is that the former is used more for 
practicing and the latter, more for evaluation. Note that you are encouraged to discuss any of the above components, 
including comprehensive exercises, with other students and/or the instructor. However, your writing must reflect 
your own understanding. That is, you must not simply copy someone else’ work with or without their consent (this 
is in violation of the academic integrity policy at TCNJ). In addition, if you did not regularly submit take-home 
exercises and give a high self-evaluation, you will most likely be asked to support your self-evaluation in person. 
For fair student assessment, the instructor reserves the right to verify students' accomplishments with respect to the 
performance goals at any point through oral examination and other means. In fact, you will most likely be invited to 
the instructor's office for discussion at least once during the semester. 


The assessment procedure can also be seen chronologically for each evaluation workshop as follows: 


Module A (during a regular class meeting): 10% 
e Take-home exercises: 5% 

e Comprehensive exercise: 5% 

Module B (during a regular class meeting): 26% 
e Take-home exercises: 10% 

e Comprehensive exercise: 15% 

e Mini Project Phase 1: 1% 

Module C (during a regular class meeting): 26% 
e Take-home exercises: 10% 

e Comprehensive exercise: 15% 

e Mini Project Phase 2: 1% 

Final including Module D (during the designated final exam period): 38% 
e Take-home exercises (Module D): 10% 

e Comprehensive exercise: 25% 

e Mini Project Completion: 3% 


After each evaluation workshop, students' grades will be posted for review. For Modules A, B, and C, students will 
have a chance to discuss their self-evaluation and the instructor's evaluation as soon as the final grades are posted. 
The course grades will be reported as soon as the final evaluation is complete. Although students' course grades 
will be reported to The College at that point, students are still encouraged to discuss the final evaluation. If there is 
a need, grade change will be reported. 


Overall course grades will be determined by adding the component scores according to the weight shown above. 
The target cutoff points for A, B, C, and D/pass are 90, 80, 70, and 60%, respectively. However, these cutoffs may 
be adjusted depending on the difficulty of the course materials. Each of the letter grades may be qualified with '+' 
and '-', tentatively the upper and the lower one third (where applicable) of a range, respectively (e.g., 93% for A, 
90% for A-). For more details about the course, consult the on-line course handbook and the instructor's information 
page for students. 


Textbook 


Discrete Mathematics, 2nd ed. by James L. Hein. Jones & Bartlett. 2003. ISBN: 0-7637-2210-3 [required; 


available at the TCNJ bookstore; on reserve in the library] 


Schedule: Lectures: Tue/Fri, Secl 9:30-10:50 a.m./Sec2 12:30-1:50 p.m., both in HH253 


Wk | Date Unit: Topic Review reading (text sections, handouts) Exercises 
1 | 8/26 Introduction Syllabus (this), Course Handbook 
Module A: Informal Analysis r 
8/29 Al: Mathematical Modeling (logic and structure) /ecture notes 
2 | 9/2 |no class (Monday schedule) + 
9/5 |JA2: Sets, Relations, Functions (preview) lecture notes 
3 || 9/9 |\A3: Structures (preview) lecture notes 
9/12 A4: Logic (preview) lecture notes, Project page 
4 || 9/16 |Module A Evaluation Workshop Scope: everything covered by this time 
Module B: Formal Representation i 
9/19 |B1: Sets 1.2-1.2.3 
5 | 9/23 B2: Relations 1.3-1.3.1, 1.3.4, p. 194 (properties) 
9/26 B3: Functions 21,23.23.2 
6 | 9/30 |B4: Structures 10.1 
10/3 B5: Propositional Logic 6.1, 6.2-6.2.2, (6.3.1-6.3.2), 1.1 
7 | 10/7 B6: First-Order Logic Pie7.12 
10/10 B7: Logic and Structures 7.1-7.1.2, lecture notes 
8 ||10/14 Module B Evaluation Workshop Scope: everything covered by this time 
Module C: Mathematical Structures r r 
10/17 C1: Operational/Relational Structures 1.3.2-1.3.3, 10.3-10.3.2, 4.1-4.1.1, 4.3-4.3.1 
9 ||10/21)no class (fall break) - 
10/24 C2: Ordered Structures/Boolean Algebra 4.3-4.3.1, 10.2.1, (10.2.2) 
10 | 10/28 C3: Graphs/Trees 1.4-1.4.4 
10/31 C4: Languages/Automata (1) 1.3.3, 3.3-3.3.3, lecture notes 
11) 11/4 C5: Languages/Automata (2) 1.3.3, 3.3-3.3.3, lecture notes 
11/7 C6: Counting 5.3, 2.3.3, lecture notes 
12 |/11/11)/Module C Evaluation Workshop Scope: everything covered by this time 
Module D: Logical Reasoning + 
11/14 D1: Sets (including inductive definition) L212 3, 3:13.13 
13 | 11/18 D2: Relations (including equivalence relation) 1.3-1.3.1, 1.3.4, 4.2 
11/21 D3: Functions (including recursion) B.1, 2.2-2.2.1, 2:3-2.3.2, 3.2-3,23 
14/11/25 D4: Logic (including mathematical induction) 4.4.1 
11/28 no class (Thanksgiving break) - 
15| 12/2 D5: Proof techniques 1.1, lecture notes 
12/5 Conclusion; Review - 
Fin|| TBA/ Final Evaluation Workshop Scope: comprehensive r 


e The schedule is subject to change. 
e Course materials will be linked from the underlined words of the on-line syllabus. 


<End> 
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Questions 


If you have a question (especially, administrative one), please check the following pages first. 


e Syllabus 

e Course work section of the instructor's page for students, esp. regarding the following: announcements, 
attendance, holidays, in-class/take-home exercises, make-up policy, and academic integrity. 

e On-line course handbook (this page) 


If none of these answer your question, see the "how to contact" section of the instructor's student information 
page. 


Sections 


All sections of CMSC210 cover the core materials as described in the course description. The course syllabus 
and the way each section is run may differ from one section to another. Normally, multiple sections are taught by 
the same instructor at the same pace and share most of the course materials. 


Background 


According to the current recommended sequence for a Computer Science major, CMSC 210 is to be taken during 
the fall semester of the sophomore year. At the same time, MAT127 (Calculus A) is now made prerequisite for 
this course. As a result, we will assume some mathematical sophistication at a college level. Students are 
expected to be familiar with the notion of function and the basics of mathematical arguments. Furthermore, CS 
majors must have taken CMSC220 (CS1) and CMSC230 (CS2) [or CMSC250 (accelerated CS1+2)], where many 
concepts relevant to this course are introduced either explicitly or implicitly. However, if there are students who 
have not taken these CS courses (esp. non-CS majors), we will not automatically assume the materials covered 
in these courses. 


There are two non-CS courses that have significant overlap with CMSC210. One is MAT200 (Discrete Math) and 
the other is PHL120 (Logic). If you have taken MAT200, you will see substantial overlap with CMSC210. If you 
have taken PHL120, you will feel the logic part of CMSC210 redundant. These students must consult the 
instructor before or early in the semester so that they can focus on the topics/approaches that are not covered in 
these courses. Special arrangements can be (and should be) made. 


Topics 


To find out more about the concepts, definitions, and notations that are covered in this course, see Topics.pdf 
linked from the course page. Where the text does not provide definition/description for certain concepts, this 
document gives a concise definition/description. More details and examples will be discussed in class and 
appear on lecture slides. This document may be revised. 


Textbooks/References 


This course (this section) is organized around the instructor's plan to integrate the topics listed in the course 
description. It is not based on the textbook. Therefore, you should primarily focus on the materials discussed in 
class. You should not expect that we read/cover the text page by page. Although the relevant sections/pages 
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from the text are indicated on the syllabus, they may contain topics not covered in lectures, which you can skip. 
In this course, students are not expected to prepare for lectures. On the other hand, if you need to review the 
material covered in a lecture, the text must be helpful. 


Just for your information, here is a list of discrete math (and related) textbooks that have been/could be used for 
this course: 


e Mathematical Methods in Linguistics by Barbara H. Partee, Alice G. Ter Meulen, and Robert Wall. Kluwer. 
1990. [used in Sections 3 & 4, Fall 2002] 

e Discrete Mathematical Structures, 4th ed. by Bernard Kolman, Robert C. Busby, and Sharon Ross. 
Prentice Hall. 1999. [used in Sections 2 & 5, Fall 2002] 

e /ntroduction to Abstract Mathematics, 2nd ed. by John F. Lucas. Ardsley House. 1990. [text for MAT200; 
similar coverage] 

e Discrete Mathematics, 5th ed. by Richard Johnsonbaugh. Prentice Hall. 2001. [used in the past; older 
edition available in the TCN4J library] 

e Discrete Mathematics and its Applications, 5th ed. by Kenneth H. Rosen. McGraw-Hill. 2003. [broad 
coverage (except for general ideas about algebra)] 

e Discrete Mathematical Structures for Computer Science by Ronald E. Prather. Houghton Mifflin. 1976. 
[more materials on algebra, less on logic; available in the TCN4J library] 

e Discrete Structures of Computer Science by Leon S. Levy. John Wiley & Sons. 1980. [good motivational 
examples; also as Fundamental Concepts of Computer Science, 1988; available in the TCNJ library] 

e Discrete Mathematics in Computer Science by Donald F. Stanat and David F. McAllister. Prentice Hall. 
1977. [coverage close to this course; available in the TCNJ library] 


Here is a list of other (Some advanced) books from which some parts of the course materials (or some inspiration) 
are derived: 


e Representation and Invariance of Scientific Structure by Patrick Suppes. CSLI. 2002. [contains a lot of 
ideas discussed in this course in detail; probably readable and useful after this course (at least some part 
of it)] 

e Specification of Abstract Data Types by Jacques Loeckx, Hans-Dieter Ehrich, and Markus Wolf. John Wiley 
& Sons. 1996. [emphasizes the connection between logic and algebraic structures] 

e Formal Specification: Techniques and Applications by Nimal Nissanke. Springer-Verlag. 1999. [many 
examples] 

e Elementary Mathematical Modelling: A Dynamic Approach by James Sandefur. Brooks/Cole. 2003. 
[contains many examples of modeling dynamic phenemena] 

e A Mathematical Introduction to Logic, 2nd ed. by Herbert B. Enderton. Academic Press. 2000. [classic] 

e Mathematical Logic by Stephen Cole Kleene. John Wiley & Sons. 1967. [some discussion on logic- 
structure connection; available in the library] 

e What is Mathematical Logic? by J. N. Crossley, et al. Dover. 1990. (originally from Oxford Univ. Press in 
1972). [short; good to grasp the big picture (but not an introduction)] 

e Mathematical Logic by Stephen Kleene. John Wiley & Sons. 1967. [available in the library; ] 

e An Introduction to Formal Languages and Automata, 3rd ed. by Peter Linz. 2001. Jones & Bartlett. [good 
explanation] 

e Handbook of Logic and Proof Techniques for Computer Science by Steven G. Krantz. Birkhauser. 2002. 
[useful as a reference] 

e An Introduction to Information Theory by Fazlollah M. Reza. Dover. 1994. (originally from McGraw-Hill in 
1961). [helpful explanation of the background of information/entropy] 


Course Grade 


The course grade will be determined as described in the syllabus. There will be no extra-credit components. You 
may be able to get some idea about the relation between the performance on each component and the course 
grade. 


Hypothetical Take-home exercises Comprehensive exercises Project Total Expected 
case (35%) (60%) (5%) grade 

1 100% (of 35%) [90% 100% 94% |A 

2 90% [80% 80% 84% |B 
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3 80% [70% 60% 73% |C 
4 70% |60% 40% 63% |D 


In order to perform well in this course, you will need to complete nearly all take-home exercises as this 
component will help you to master the material in a timely manner. 


Lectures/Exercises 


The goals of lectures are described as follows (there may be variations among lectures): 


Introduce real-world problem that can be represented by using discrete math. 

Identify the discrete math concepts needed for the problem. 

Introduce and explain the discrete math concepts. 

Discuss how to apply the concepts to similar problems. 

Summarize the main points. 

Do in-class exercise at any point to appreciate introductory problems, understand the material, and/or 
review the topics. 

e Introduce take-home exercises. 


In this course, students are not required to prepare for each lecture. The pace of a lecture is set so that most 
students can follow most of the points without preparation. | will check the progress regularly through in- 
class/take-home exercises. However, if the majority of the students can follow lectures and a small number of 
students have difficulty, | will contact the students who have difficulty, and discuss with them a customized study 
plan. 


In general, by the evening before each lecture, | will post a preliminary version of lecture notes. Although 
students are not required to use this information, it might be helpful to bring a printout so that you can take note 
on it. After each lecture, exercises will be posted as well as a revised version of lecture notes, if necessary. 


Students are encouraged to do exercises in groups. However, it would be best if you work on your own and have 
some answer before discussion. 


If necessary, you might also consider Tutoring Center in Forcina Hall Room 145. Their web site is here. 


In this class, please bring extra sheets of paper for in-class exercises. 


Evaluation Workshops 


The reason | will try evaluation workshops in place of traditional exams is partly due to the transformative change, 
which is taking place at The College. | agree with the general ideas of goal-oriented, learning-centered 
education. One of the points discussed by the proponents of this approach is that students must be evaluated in 
a manner they can use the skills learned in a course. It seems that timed, closed-book exams are inappropriate 
for this purpose. This semester, | will be trying a non-traditional format of evaluation involving self-evaluation, 
which hopefully fits within the exam slots | used in the previous semester. | hope that this format works better for 
students’ learning. 


One point raised in the education research literature is that weak students tend to overestimate their 
achievements and strong students tend to underestimate theirs. It is important that all the students understand 
their levels as accurately as possible so that they all achieve the course performance goals, through 
improvements following accurate evaluations. For this reason, | will need to be straightforward about my review 
of your self-evaluation. Since there are three midterm evaluation workshops, you should be able to compare the 
evaluations by yourself and me and to reflect it in later self-evaluations. 


SOCS 


We will not make an extensive use of SOCS in this course. The only functions that are currently enabled are 
discussion board and e-mail list. You can use discussion board for communication among students in your 
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section of this course. However, if you have a question for me, please send it to me by e-mail so that | can post 
your question (anonymously) and my answer on the Q&A page, which can be shared by students in multiple 
sections. 


Acknowledgments 


| would like to thank the CS faculty/staff and the students who provided me with constructive feedback. | would 
also like to thank Max Mintz at the University of Pennsylvania, who taught me discrete math many years ago with 
great enthusiasm and also supported my lecturership there. 
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CMSC210 (Fall 2003) Discrete Structures 


List of Definitions, Notations, and Concepts 


July 28, 2003 


Note: The section and page numbers refer to the text. You may also want to write down pointers to other course 


materials (lecture slides, exercises, etc.). 


1. Sets 


set, member/element [definition] 

membership relation [definition]: e.g.,b ¢ A,b¢é A 

list notation [description]: e.g., {a, b} 

predicate notation [description]: e.g., {x | ...} 

singleton (set) [definition] 

empty set [definition]: ‘@’ 

set identity (= the same set) [definition]: ‘=’ 

cardinality [definition]: e.g., |A| or #(A) 

subset relation [definition]: e.g., A C B, Note: A C B in the text 
proper subset relation [definition] 

power set [definition]: e.g., P(A) or 9(A), Note: power(A) in the text 

Venn diagram [description] 

set operations [description] 


union [definition]: e.g., A U B, also for multiple sets, bie A, 
intersection [definition]: e.g., A 7 B, also for multiple sets, ‘az A, 


complement [definition]: e.g., A' or A 
difference [definition]: e.g., A —B 
universal set (= universe) [description]: U 
disjoint [definition]: Sets A and B are disjoint if ATA B= 


2. Relations 


ordered pair [definition]: e.g., (a, b) or (a, b) 
ordered n-tuple [definition]: e.g., (ay, 49, ...5 An) OF (Ay, Ao, «5 Ay) 

Cartesian product [definition]: e.g., A x B 

type [description]: e.g., R: A x B for a relation R between sets A and B 

binary relation [definition]: e.g., (a,b) € R, aRb, or Rab, alsoRCAXB 
n-ary/n-place relation [definition] 
unary [description] 
ternary [description]: 3-ary 

inverse [definition]: e.g., R~', R7'= {(x, y) |(y,x) € R} 

properties of relations: reflexive, irreflexive, symmetric, antisymmetric, transitive, intransitive [definition] 
transitive closure of a relation R [definition]: the smallest transitive relation that contains R 
X closure of arelation R [definition]: the smallest X relation that contains R 

equivalence relation [definition] 

equivalence class [definition]: e.g., [x], [[x]], or more explicitly (for relation R), [x]. 

partition [definition] 


3. Functions 
function (= mapping) [definition]: 

n-ary/n-place function [description]: function with more than one arguments 
type [description]: e.g., f: A > B for a function f between sets A and B 


1.2.1 
1.2.1 
1.2.1 
1.2.1 


1.2.1 
1.2.1 
1.2.3 
1.2.1 
1.2.1 
1.2.1 
1.2.1 
1.2.2 


1.2.2 


1.2.2 


1.2.2 
1.2.2 
1.2.2 
1.2.3 


1.3.1 
13.1 
13.1 
n/a 
13.4 
13.4 
13.4 
n/a 
n/a 
4.1 
4.1.2 
4.1.2 
42.1 
4.2.2 
42.3 


2.1.1 
2.1.1 
n/a 


inverse [definition]: e.g., f 232 


ontolsurjective, one-to-one/injective [definition] 2.3.1 
bijective [definition] 2.3.2 
composition [definition]: e.g., go f or gf 221 
recursive function [description]: function that is defined in terms of itself 3.2 
recursion [description]: instance/use of recursive function, definition, etc. n/a 


Example functions 


factorial [definition]: n! =n x (n-1)x(n-2)x...X2X1 p. 150 
floor (of x) [definition]: greatest integer < x, Lx] 2.1.2 
ceiling (of x) [definition]: smallest integer = x, [x] 2.1.2 
remainder [definition]: remainder when m is divided by n, m mod n 2.1.2 


4. Structures 


General Ideas 


structure [definition]: n-tuple involving sets, relations, and functions n/a 
closure (of operation) [definition] for a binary operation f: A x A — B: the range of f= A n/a 
operation [description]: concept that is represented by a function n/a 

properties of operations fore: AxA —> B 
associative [definition]: for any x, y, z, (x ®y) ®z=x ® (y © z) n/a 
commutative [definition]: for any x, y,z,x ® y=y ex n/a 
distributive [definition] p. 573 
De Morgan’s law [description] 1.2.2, 6.2.2, 10.2.1 

special elements: identity element, inverse [definition] 10.1.3 

isomorphism [definition] 10.5.4 

Strings 

semigroup, monoid, group [definition] 10.1.3 
string, empty string (= null string, €), concatenation [definition]: Note: empty string as A in the text 1.3.3 

Orderings 

poset (= partially ordered set) [definition]: e.g., (A, S) 43.1 
Hasse diagram, comparable {definition] 4.3.1 
least, greatest [definition] 43.1 
totalNinear order (= chain), well-ordered set [definition] 43.1 

Boolean algebra [definition] 10.2 


Graphs and Trees 
graph (= undirected graph) [definition]: (V, E) where Vis a non-empty set and E is an irreflexive, symmetric 


relation on V 14.1 
directed graph (=digraph) (definition]: graph where EF is not necessarily symmetric 14.1 
vertex (=node) [definition]: element of V 14.1 
edge [definition]: element of E 14.1 
path from a to b [definition]: if the transitive closure of E contains (a, b) 1.4.2 
connected [definition]: if there is a path from every vertex to any other one 14.2 
cycle [definition]: a path from a vertex to itself 14.2 
acyclic [definition]: with no cycles 14.2 
tree [definition]: connected, acyclic, undirected graph 144 
root [description]: a designated vertex of a tree 144 
ancestor of v [definition]: u such that there is a path between v and the root through u 144 
descendant of v [definition]: u such that v is an ancestor of u 1.4.4 
parent (= mother) of v [definition]: an ancestor of v, u, such that (u,v) € E 1.4.4 


child (= daughter) of v [definition]: u such that v is a parent of u 
leaf definition]: a vertex with no children 
height [definition]: the maximum length between a leaf and the root 


Languages and Automata 
language [description] 
regular language (= regular set) [definition] 
automaton [description] 
finite-state automaton (= finite-state machine) [definition] 
grammar [description] 
regular expression [definition] 
XS KX 
a 


n 


Counting 


144 
144 
144 


1.3.3, 3.3.3 


entropy [definition]: informally, the amount of information; mathematically, —log) p (for uniform distribution with 


the probability p) or — pws p, log, p, (for a more general distribution) 


probability [description]: 
sample space, random variable [definition] 
frequentist vs. Bayesian [description] 
multiplication principle [description]: for finite sets, |A x B|=|A |x| B | 
addition principle [description]: for finite disjoint sets, | AU B|=|A|+|B | 
permutation [definition]: number of 7-permutation of an n-element set, P(n, r) or ,,P, 
combination [definition]: number of v-combination of an n-element set, C(n, r) or ,C, 
pigeon hole principle [description]: for finite sets, if | A | >| B|, there is no injection from A to B 


5. Logic 


General Ideas 


object language [description]: language of a that is the target of study 
meta-language [description]: language used to discuss another language (object language) 
syntax, semantics [description] 
interpretation [definition]: specification of the meaning of logical symbols 
logical formula (= formula) [description]: a complete sequence of logical symbols 
satisfaction [definition]: relation between structures and logical formulas, e.g., S |=@ 
logical consequence/implication [definition]: a set of formulas follow from another set of formula 
logical equivalence [definition] 
valid [definition]: logical consequence of no formula 
theory [definition]: a set of formulas that are closed under logical consequence 
proof system [description] 
axiom, rule of inference, proof, theorem [definition] 
modus ponens [definition] 
consistent, inconsistent [definition]: there is a truth value assignments that makes all statements true 


Propositional Logic 
propositional logic (= statement logic) [description] 
proposition (= statement) [description] 
truth value, true, false [description] 
propositional variable [description] 
connective [description] 
Language/syntax 
negation [definition]: e.g., 3p, ~ p, or D 


n/a 


conjunction [definition]: e.g., p A q orp & q 6.2 


disjunction [definition]: e.g., p V q 6.2 
conditional [definition]: e.g., p > g orp > q 6.2 
biconditional (= if and only if, iff) [definition]: e.g., pq n/a 
exclusive or [definition]: p v q but notp Aq, e.g.,p @gq n/a 
well-formed formula (= wff) [definition] 6.2.1 
Semantics 
interpretation [definition]: the semantics of logical connectives n/a 
assignment (of propositional variables) [definition]: function that maps the set of propositional variables to {T, 
F} n/a 
truth table [description] 6.2.1 
tautology, contradiction [definition] 6.2.1 
contrapositive [definition]: ~q — —p in relation top > q 1.1 


First-Order Logic 


first-order logic (= FOL, predicate logic) [description] 7A 
Language/syntax 
individual constant, individual variable {definition] 712 
predicate symbol/constant, function symbol/constant [definition] 712 
term, predicate [definition] 712 
universal quantifier [description]: “V’ TAA 
existential quantifier [description]: ‘2’ TAA 
Semantics 
interpretation [definition]: the semantics of logical connectives 7.1.3 
assignment (of individual variables) [definition]: function that maps the set of individual variables to the set of 
individual elements 7.13 


evaluation (= semantic value) [definition]: identifying the individual that corresponds to a term, e.g., [[x]] n/a 


Manner of arguments 


deduction [general meaning]: general > specific n/a 
deduction [in logic]: derivation from general rules (as in ‘natural deduction’) n/a 
induction [general meaning]: specific > general n/a 
induction [in logic/math]: e.g., mathematical induction 44.1 
inductive definition (= recur sive definition) [description] 3.1 
mathematical induction [description] 44.1 
recursive/inductive definition [description]: definition that refers itself 3.1 
base case/basis [description]: case not involving a recursion 3.1 
induction (step) [description]: case involving a recursion 3.1 


exclusion clause [description]: statement to exclude unintended elements (for recursive definition of a set) 3.1 
proof styles 


direct proof [description] 1.1 

indirect proof [description] 1.1 

proof by contradiction (= reductio ad absurdum) [description] 1.1 

corollary [description]: theorem easily obtainable from another theorem n/a 

lemma [description]: theorem used to prove another theorem n/a 
<End> 


CMSC210 (Fall 2003) Mini Project 


Due Dates 


e Phase 1: At the beginning of Module B evaluation workshop 
e Phase 2: At the beginning of Module C evaluation workshop 
e Completion: At the beginning of the final evaluation workshop 


Background and Objective 


Every computer scientist knows that discrete math is an essential and extremely useful topic. However, due to its 
mathematical nature, the learning process is often very dry. Many discrete math instructors recognize this 
problem. In addition, many textbook authors claim that their texts address this problem. Unfortunately, very few 
texts actually demonstrate the usefulness of discrete math in a way beginning students can be convinced. In this 
course, we try to break this barrier. 


We have already discussed a few examples that demonstrate the usefulness of discrete math for representing 
real-world problems. In this mini project, you will find your own real-world problem that can be represented using 
discrete math. By doing this project, you are expected to understand the usefulness of discrete math and 
demonstrate your competency in this topic. 


Here are examples of mini projects from Fall 2002 (Example 1, Example 2) and Spring 2003 (Example 3, 
Example 4). Note that the requirements for these semesters were different from the ones for this semester. 
Thus, these examples will not get full credit under this semester's requirements. 


Approach 


This is not a project for which you spend a number of hours in the library. Instead, you keep thinking about the 
topic for an extended period, while doing laundry, doing an exercise, listening to music, etc., and try to think 
whether your activity (physical/intellectual/spiritual) can be represented by using discrete math. As soon as you 
have some idea, try to put it in writing. 


Requirements/Instructions 
Theme of this semester: Logical specification of a real-world object/phenomenon. 


Phase 1 


e Choose an object/phenomenon that interests you. Your project must be unique, i.e., substantially different 
from the examples in class/exercises, other students’ projects, and the posted sample projects. 

e If your object/pbhenomenon is not widely known, you must describe it so that any one can understand it. 

e Informally describe the logic-structure connection involving the object/phenomenon, cf. examples 
discussed in class/exercises. 

e There is no length requirement. Your mini project must be word-processed (except for special 
symbols/diagrams/schematics, if any). Note that most math symbols are available in the font "Symbol." 

e Self-evaluation (must be included at the end of the submission): Make sure that your submission satisfies 
the above requirements. Give 1 ptif it is the case, 0 pts if not. 


Phase 2 


e Your Phase 1 must be complete. 

e Respond to the feedback of the instructor on Phase 1, if any. 

e Formally define the structure of your object/phenomenon. Also try to define the structure components as 
much as possible 

e Write up your logical specification as clearly as possible. You may use First-Order Logic formulae; but that 
is not required. However, it would be good if you try this because that would force you to write up your 
conditions clearly. 

e Explain how the structure would satisfy the logical statements. Examine whether unintended structures 
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would also satisfy the logical statements. 

e There is no length requirement. Your mini project must be word-processed (except for special 
symbols/diagrams/schematics, if any). 

e Self-evaluation (must be included at the end of the submission): Make sure that your submission satisfies 
the above requirements. Give 1 pt if it is the case, 0 pts if not. 


Final report 


e Your Phase 1 and 2 must be complete. 

e Respond to the feedback of the instructor on Phase 2, if any. 

e Technical requirements 

o Theme: Your project demonstrates the logic-structure connection. 

o Uniqueness: Your project must be unique. 

o Complexity: Your problem must be reasonably complex. That is, a problem that appears too 
simplistic may not receive full credit. On the other hand, you may simplify a very complicated 
problem as long as you can justify the process. If you are not sure about the complexity level, check 
with the instructor. 

o Completeness: All the essential aspects of the problem must be represented. If this becomes 
unreasonably complex, you may omit certain aspects as long as you can justify the process. You 
must try to eliminate unintended structures. 

o Correctness: Your project must be convincing and the use of discrete math must be correct. 

o Connections: You must compare your structure with others (e.g., those discussed in 
class/exercises) with respect to similarities and differences. 

o Clarity: Your project must be understandable by other students and the instructor. 

e Your project must be your own work. Upon submission, you may be asked questions (either oral or written) 
about your project. Be prepared to answer questions. 

e There is no page-number requirement (neither minimum nor maximum). However, a single paragraph 
would probably be insufficient to deliver the content required here. On the other hand, you do not need to 
write a 10-page paper (this is not a full term paper). Your mini project must be word-processed (except for 
special symbols/diagrams/schematics, if any). 

e Self-evaluation (must be included at the end of the submission): Evaluate your work with respect to all of 
the above requirements and include it at the end of your project. Assign a grade between 3 and 0 
depending on how well your project satisfies the above requirements. 


Grading 


The project grade consists of the following phases: 


e Phase 1: 1 point based on whether all the requirements are met 
e Phase 2: 1 point based on whether all the requirements are met 
e Final evaluation: 3, 2, 1, or 0 points based on the instructor's review of your self-evaluation 


The total project grade is the sum of the above components. Since this is a customized project, the grading 
criteria must be customized as well. Even if your self-evaluation gives full credit, it is possible that the instructor 
reviews it differently, based on the course standard. In order to make sure that you can evaluate your work in 
accordance to the course standard, you should discuss your project with the instructor multiple times in a timely 
manner. You may rewrite your project as many times as you wish until you receive the highest project grade, as 
long as there is sufficient time for the instructor to grade and give feedback (allow sufficient time to get feedback). 


<End> 
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CMSC210 (Fall 2003) Comprehensive Exercise Self-Evaluation Form 


Module / Problem A/Circle: 1 2 3 
Your name 


Group member(s) 


Difficulty level 


Your understanding 


Self-evaluation (between 0 and 10) 


Adjustment by the instructor 


Module A Performance Goals (expected outcomes and abilities to be observed as a result of 
successful learning) 


Note that “mathematical structures” and “logical statements” are discussed only informally. 


Model a variety of real-world phenomena as mathematical structures. 

Analyze whether a mathematical structure satisfies a collection of logical statements. 

Specify mathematical structures using logical statements. 

Analyze, distinguish, and relate mathematical structures with respect to their components-and 


aah eit ele a 


5. Identify cases where (i) different set of logical statements satisfy the same mathematical 
structures, and (ii) a set of logical statements satisfies multiple mathematical structures 
including unintended ones. 


Justification referring to the performance goals and quoting group member(s) [use their 
initials]: 


CMSC210 (Fall 2003) Comprehensive Exercise Self-Evaluation Form 


Module / Problem B/Circle: 1 2 3 


Your name 


Group member(s) 


Self-evaluation (between 0 and 10) 


Adjustment by the instructor 


Performance Goals (expected outcomes and abilities to be observed as a result of successful 
learning) 


Model a variety of real-world phenomena as mathematical structures. 

Analyze whether a mathematical structure satisfies a collection of logical statements. 

Specify mathematical structures using logical statements. 

Analyze, distinguish, and relate mathematical structures with respect to their components and 
the properties associated with the components. 

5. Identify cases where (i) different set of logical statements satisfy the same mathematical 
structures, and (ii) a set of logical statements satisfies multiple mathematical structures 
including unintended ones. 


Pe 


Justification referring to the performance goals and quoting group member(s) [use their 
initials]: 


Instructions: 

e For each performance goal, identify relevant exercise(s). Demonstrate that you achieved the goal by reflecting 
on your answers and your responses to the instructor’s comments. In your writing, clearly connect performance 
goals and exercises (or parts of them) [by the way, is it a relation?]. 

e = Think carefully about what kind of argument would be convincing. 

¢ Quote your group member(s) in support of your ability to convince others. Such a quote should include reasons 
why they are convinced. 


CMSC210 (Fall 2003) Comprehensive Exercise Self-Evaluation Form 


Module / Problem C/Circle: 1 2 3 


Your name 


Group member(s) [if multiple, circle 
the person you analyzed] 


Self-evaluation (between 0 and 10) Adjustment by the instructor 


Self-evaluation instructions 
General idea: Your self-evaluation and the instructor’s adjustment must be based on both (i) your understanding 
demonstrated by your exercises and (ii) your ability to analyze other students’ exercises. 


Evaluation partner: If you are in a two-person group, exchange your exercises. If you are in a three-person group, 
rotate your exercises so that each one of you has someone else’ exercise to analyze. 


For each subquestion of this problem, 

e Analyze your partner’s answer with respect to (i) relevant performance goal(s) (included below) and (ii) 
correctness. To do (i) efficiently during the workshop, you must have a good idea about which performance 
goal(s) is/are relevant to the problem. 

e Interview your partner and analyze whether s/he indeed understands what is written. 

e §=Write your analysis on your evaluation form. 

e Your analysis must primarily refer to your partner’s written answer and the partner’s understanding with 
respect to the written answer. If your partner demonstrates understanding beyond or less than what is written, 
note the difference. Since you will be on both sides of this process, when you do the exercises, you must try 
your best so that other students in class can understand your writing. 

e In the past evaluations, many students wrote their answers were similar, even though they are actually different. 
Such a statement cannot be taken as a demonstration of strong analytical skills. 


Note: Your critical analysis of your partner’s answer will be part of your evaluation, but not part of your partner’s 
evaluation. Thus, it will be your best interest to be as critical as possible. In order for you to do this without 
potentially hurting your partner’s feeling, you are requested not to show your self-evaluation forms to other students 
during/after the workshop. Only the instructor will cross-reference your analyses. 


Performance goals: 
1. Model a variety of real-world phenomena as mathematical structures. 

a. This is the focus of Module C. So, you will need to discuss this goal sufficiently. 

b. Identify the following structures in the take-home exercises and make sure that you understand all of 
them: operational, relational, structures like Max, Strings, or Clock, digraph, poset, Boolean Algebra, 
digraph, undirected graph, weighted graph, tree, language, FSA (when viewed as a structure). 

c. Todo this, you will also need to know how to represent structure components formally (focus of 
Module B, prerequisite for Module C). 

2. Analyze whether a mathematical structure satisfies a collection of logical statements. 

a. There are many examples where a collection of structures satisfies logical statements. Identify some of 
them. 

3. Specify mathematical structures using logical statements. 

a. We used this technique to specify a collection of structures (instead of a particular structure). In fact, 
this is how we defined many of the concepts (i.e., structures) introduced in Module C. 

4. Analyze, distinguish, and relate mathematical structures with respect to their components and the properties 
associated with the components. 

a. We compared structures many times. The strongest form of matching is “isomorphism.” In many 
other cases, we compared structures based on the properties of relations/functions. Yet another form 
of comparison was finding equivalence between different types of structures. 

5. Identify cases where (i) different set of logical statements satisfy the same mathematical structures, and (ii) a set 
of logical statements satisfies multiple mathematical structures including unintended ones. 

a. The subgoal (ii) is inherent in the specification of collections of structures. 

b. The one (i) is discussed explicitly in, e.g., Unit C5. 


ince s delne-precessiitegically sound usiie-pe 


CMSC210 (Fall 2003) Final/Module D Comprehensive Exercise Self-Evaluation Form 


Problem Circle: 1 2 3 4 


Your name 


Group member(s) [if multiple, circle 
the person you analyzed] 


Self-evaluation (between 0 and 10) Adjustment by the instructor 


Self-evaluation instructions 
General idea: Your self-evaluation and the instructor’s adjustment must be based on both (i) your understanding 
demonstrated by your exercises and (ii) your ability to analyze other students’ exercises. 


Evaluation partner: If you are in a two-person group, exchange your exercises. If you are in a three-person group, 
rotate your exercises so that each one of you has someone else’ exercise to analyze. 


For each subquestion of this problem, 


Analyze your partner’s answer with respect to (i) completeness (i.e., whether responding to ail the 
questions/instructions) and (ii) correctness. 

Note that you must have analyzed Comprehensive Exercises with respect performance goals on your Take- 
Home Exercises Evaluation Form. 

Interview your partner and analyze whether s/he indeed understands what is written. 

Write your analysis on your evaluation form. 

Your analysis must primarily refer to your partner’s written answer and her/his understanding with respect to 
the written answer. If your partner demonstrates understanding beyond or less than what is written, note the 
difference. Since you will be on both sides of this process, when you do the exercises, you must try your best 
so that other students in class can understand your writing. 

In the past evaluations, many students wrote their answers were similar, even though they are actually different. 
Such a statement cannot be taken as a demonstration of strong analytical skills. 


Note: Your critical analysis of your partner’s answer will be part of your evaluation, but not part of your partner’s 
evaluation. Thus, it will be your best interest to be as critical as possible. In order for you to do this without 
potentially hurting your partner’s feeling, you are requested not to show your self-evaluation forms to other students 
during/after the workshop. Only the instructor will cross-reference your analyses. 


CMSC210 (Fall 2003) Take-Home Exercise Self-Evaluation Form 


Module A 
Your name 


Names of your collaborators 


List of exercises submitted on-time Circle: O00 Al A2 = A3 
List of exercises completed by this time | Circle: 00 Al A2 A3 
Approximate number of hours spent hours (for all these exercises) 


Self-evaluation (between 0 and 10) 
Adjustment by the instructor 


Module A Performance Goals (expected outcomes and abilities to be observed as a result of 
successful learning) 


Note that “mathematical structures” and “logical statements” are discussed only informally. 


Model a variety of real-world phenomena as mathematical structures. 

Analyze whether a mathematical structure satisfies a collection of logical statements. 

Specify mathematical structures using logical statements. 

Analyze, distinguish, and relate mathematical structures with respect to their components-asd 
5. Identify cases where (1) different set of logical statements satisfy the same mathematical 
structures, and (ii) a set of logical statements satisfies multiple mathematical structures 
including unintended ones. 


6.—Convince-cthersthat the modeling process 4s-losically sound —usine proofs-and other methods 


Pa Pa 


Justification referring to the performance goals: 


Note: Coming up with a way to convince others (including the instructor) about your achievements can be seen as 
an application of Discrete Math. Carefully think about how you can do this sufficiently and concisely (in this course, 
the length of your writing is not important). If this appears difficult at first, you are expected to develop such a skill 
through the exchanges between you and the instructor. If you have questions, contact the instructor. 


CMSC210 (Fall 2003) Take-Home Exercise Self-Evaluation Form 


Module B 


Your name 


Names of your collaborators (for any 
take-home exercise) 


List of exercises submitted on-time Circle: BO Bl B2 B3 B4 B5_ B6 
List of exercises completed by this time | Circle: BO BI B2 B3 B4 BS5_ B6 
Approximate number of hours spent hours (for all these exercises) 


Self-evaluation (between 0 and 10) 


Adjustment by the instructor 


Performance Goals (expected outcomes and abilities to be observed as a result of successful 
learning) 


Pee 


Model a variety of real-world phenomena as mathematical structures. 

Analyze whether a mathematical structure satisfies a collection of logical statements. 

Specify mathematical structures using logical statements. 

Analyze, distinguish, and relate mathematical structures with respect to their components and 
the properties associated with the components. 

Identify cases where (1) different set of logical statements satisfy the same mathematical 
structures, and (ii) a set of logical statements satisfies multiple mathematical structures 
including unintended ones. 


Conyvinee-othersthatthemeodelne precessistosical sound usine_preefs-and ther methods 
enn 


Justification referring to the performance goals: 


Instructions 


For each performance goal, identify relevant exercise(s). Demonstrate that you achieved the goal by reflecting 
on your answers and your responses to the instructor’s comments. In your writing, clearly connect performance 
goals and exercises (or parts of them) [by the way, is it a relation?]. 

Think carefully about what kind of argument would be convincing. 

My comments on your exercises indicate areas you need to improve with respect to certain learning goals. To 
convince me of your achievement, you will need to respond to them in a way clearly visible to me. 


CMSC210 (Fall 2003) Take-Home Exercise Self-Evaluation Form 


Module 


C 


Your name 


Names of your collaborators (for any 
take-home and/or comprehensive 
exercise) 


List of exercises submitted on-time 


Circle: 


Cl 


C2 C3 C4 G 


List of exercises completed by this time 


Circle: 


Cl 


C2 C3 C4 Os 


Approximate number of hours spent 


hours (for all these exercises) 


Self-evaluation (between O and 10) 


Adjustment by the instructor 


Self-evaluation instructions 


For each of the following performance goals, identify relevant exercise(s). Then, demonstrate that you achieved 
the goal by reflecting on your answers and your responses to the instructor’s comments. 


Note: The instructor’s comments on your exercises indicate areas you need to improve with respect to certain 
learning goals. To convince the instructor of your achievement, you will need to respond to them in a way clearly 
visible to the instructor. That is, without your response, the instructor will not adjust your grade to 10. 


A convincing self-evaluation would refer to all of the notes under each performance goal. 


1. Model a variety of real-world phenomena as mathematical structures. 

e = This is the focus of Module C. So, you will need to discuss this goal sufficiently. 

e Identify the following structures in the take-home exercises and make sure that you understand all of 
them: operational, relational, structures like Max, Strings, or Clock, digraph, poset, Boolean Algebra, 
digraph, undirected graph, weighted graph, tree, language, FSA (when viewed as a structure). 

e = To do this, you will also need to know how to represent structure components formally (focus of 
Module B, prerequisite for Module C). 

2. Analyze whether a mathematical structure satisfies a collection of logical statements. 
e There are many examples where a collection of structures satisfies logical statements. Identify some of 


them. 


3. Specify mathematical structures using logical statements. 
e We used this technique to specify a collection of structures (instead of a particular structure). In fact, 
this is how we defined many of the concepts (i.e., structures) introduced in Module C. 
4. Analyze, distinguish, and relate mathematical structures with respect to their components and the properties 


associated with the components. 


e We compared structures many times. The strongest form of matching is “isomorphism.” In many 
other cases, we compared structures based on the properties of relations/functions. Yet another form 
of comparison was finding equivalence between different types of structures. 

5. Identify cases where (i) different set of logical statements satisfy the same mathematical structures, and (ii) a set 
of logical statements satisfies multiple mathematical structures including unintended ones. 

e The subgoal (ii) is inherent in the specification of collections of structures. 

e §=6©The ey ~ is discussed explicitly in in, e.g., Unit CS. 


CMSC210 (Fall 2003) Final/Module D Take-Home Exercise Self-Evaluation Form 


Your name 


Names of your collaborators (for any 
take-home and/or comprehensive 
exercise [except mutual eval sessions]) 


List of exercises submitted on-time Circle: D1 D2 D3 D4 
List of exercises completed by this time | Circle: D1 D2 D3 D4 
Self-evaluation (between 0 and 10) Adjustment by the instructor 


Self-evaluation instructions 

For each of the following performance goals, identify relevant exercise(s) in this module including Comprehensive 
Exercises [new for this module]. Then, demonstrate that you achieved the goal by reflecting on your answers and 
your responses to the instructor’s comments. 


Note: The instructor’s comments on your exercises indicate areas you need to improve with respect to certain 
learning goals. To convince the instructor of your achievement, you will need to respond to them in a way clearly 
visible to the instructor. That is, without your response, the instructor will not adjust your grade to 10. 


A convincing self-evaluation would refer to all of the questions/instructions under each performance goal. 
1. Model a variety of real-world phenomena as mathematical structures. 

a. Identify exercises that are relevant to this category. 

b. Explain how you would apply your experience when you need to represent real-world problems 
precisely and concisely. 

2. Analyze whether a mathematical structure satisfies a collection of logical statements. 

a. Identify exercises that would demonstrate this point most prominently. 

b. Suppose that you need to design a computer program that would satisfy certain conditions. Explain 
how your experience with this goal would help such a process. 

c. We all need to interpret and understand what other people are saying/writing. Explain how your 
experience with this goal would help such a process. 

3. Specify mathematical structures using logical statements. 

a. Identify exercises that would demonstrate this point most prominently. 

b. Suppose that you need to write a program specification that would realize your intuitive idea. Explain 
how your experience with this goal would help such a process. 

c. We all need to express our thoughts to other people in writing or speech. Explain how your experience 
with this goal would help such a process. 

4. Analyze, distinguish, and relate mathematical structures with respect to their components and the properties 
associated with the components. 

a. Identify exercises that would demonstrate this point most prominently. 

b. Without training, we might fail to relate inherently related objects/phenomena and/or to distinguish 
inherently different ones. For example, can you classify fish, sharks, and whales? Can a three-year 
old do the same?. Explain how your experience with this goal would help such a process. 

5. Identify cases where (i) different set of logical statements satisfy the same mathematical structures, and (ii) a set 
of logical statements satisfies multiple mathematical structures including unintended ones. 

a. Identify exercises that would demonstrate this point most prominently. 

b. All formal approaches (including mathematics) have their own limitations. In case of the logic- 
structure connection, one of the limitations is that the “satisfaction” relation is not a function. 
However, this property is not necessarily totally negative. Explain how your experience with this goal 
would help you to understand certain real-world situations, using some real-world examples. 

6. Convince others that the modeling process is logically sound, using proofs and other methods of justification. 

a. This is the focus of Module D. Identify exercises that would demonstrate this point most prominently. 

b. Explain why proofs are accepted by people as a convincing tool (esp. in sciences and engineering), 
referring to how proofs would fit in the logic-structure connection. 


CMSC210 


CMSC210 Discrete Structures 
of Computer Science 


Today 

« Understand the course goals 

¢ Understand the course organization 
— Syllabus 
— On-line resources 
Identify the first things to do 


CMSC210 Intro 


Section 1 
Course Goals 


* Context: Computer Science 
¢ Discrete Structures 


—Model objects/phenomena for computational 
analysis and problem solving 


—As mathematical structures involving sets, 
relations, and/or functions 


— Specified by logical statements 
—With convincing reasoning 


CMSC210 Intro 


Section 3 
First Things 


By the next class meeting 
¢ Read and understand the syllabus 
¢ Visit the course page [try most links] 
— Read the on-line course handbook 
— Read the instructor's page for students 
¢ Do take-home exercise (next slide) 
Before leaving 
« Do survey 


CMSC210 Intro 


Introductory Questions 


Topics 
« What is Computer Science (cf. programming)? 
¢ What is Discrete Structures (or Disc Math)? 


* Should we rather spend time on “MS .NET?” 
Learning 


« What do you want to learn? 
* How can you learn it effectively? 


* How can you know whether you are actually 
learning? 


CMSC210 Intro 


Section 2 
Course Organization 


* On-line resources = course web page 
* Course modules 
« Assessment 


—Take-home and comprehensive exercises 
— Self-evaluation forms 
* Text 


¢ Schedule 


CMSC210 Intro 


Preview 
Take-Home Exercise 


Describe some interesting object of your 
choice 


In plain English 

A list of statements (sentences) 

Sufficient to characterize the object 

As concise as possible 

Do not explicitly disclose what the object is 
Available on-line fecnotesiexercises posted ater pm 


CMSC210 Intro 


6 


Unit 0: Introduction, 8/26/03 


Note: All take-home exercises are due at the beginning of the following class meeting (unless 
otherwise specified). 


Exercise: Object Description 


At the beginning of today’s lecture, we analyzed a Barbie doll as an example of modeling a real- 
world object. This is a similar exercise on an object of your choice. In the lecture, we 
introduced that an object can be represented as a “mathematical structure” and that such a 
representation can be specified by “logical statements.” In this exercise, you do not need to 
worry about the logic-structure distinction (or connection). We will develop some idea about it 
during the first several weeks and continue discussing it through the semester. To do this 
exercise, follow the instruction below, focusing on how to describe an object in plain English. 


Choose one object (preferably, something we all know but difficult to imagine). Give a 
description of the object. In doing this, try to satisfy the following requirements: 


1. The description must be in plain English and understandable by a typical college student as 
well as a typical professor. 

2. The description must consist of a list of logical statements (sentences in English). Each 
statement must focus on a small number of properties. That is, do not give a single, long 
paragraph to explain every aspect. 

3. The description must be sufficient to characterize the object. That is, the description should 
not characterize an object different from what you are thinking of. 

4. The description must be as concise as possible. That is, do not include excessive statements. 


In your answer, do not explicitly disclose what the object is. Prepare to discuss your description 
in class. 


<End> 


Section 1 


A1: Mathematical Modeling What, Why, and When? 


Today * Barbie dolls 

* Discuss what, why, and when? ¢ El Farol problem 

* Observe the logic-structure connection at The Irishmen in the area (say, 100 of them) 
the heart of mathematical modeling like to go to the local pub when Irish music is 


: . layed (Thursd i ly if the pub is 
+ Discuss more examples of logic-structure ee He ee) a 
connections could they predict the pub is not crowded? 

* Take-home exercises ¢ Weather 


Module A: Informal, no math symbols + Drug trafficking Whatisimpotan? 
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Good Modeling Section Summary 


Precise * Real-world problem 


—No room for different interpretations = Computational problem 
¢ Correct (accurate) 


— Describes the intended object/phenomenon NSE ING 


* Quality 
—Precision, Correctness, Conciseness 
¢ Behind mathematical modeling 
—Logic-structure connection [next] 


— Excludes unintended ones 
* Concise 
—Not including unnecessary information 
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Section 2 


Barbie Dolls Conditions 


Two dolls: Doll! and Doll2 * Every doll must wear a shirt and a pair of 
Five shirts: Shirt) through Shirt5 pants. 


Four pairs of pants: Pants’ through Pants4 * (what else?) Group Task 
Doll1 wears Shirt1 and Panis4, etc. 


There are many possible names: Ken, Naomi, 
etc. 


Doll1 is called Naomi, and Doll2, Ken. 
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Logic and Structure 


* Information about essential components of 
the object/phenomenon => Organized as a 
“structure” of involved components 


* Conditions on a structure => Expressed as 
“logical statements” or simply, “logic” 


¢ Logic specifies a structure. 
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Section Summary 


* Structure ~ Information about components 
and their connections 


¢ Logic ~ Logical conditions on structure(s) 


Logic species Structure(s) 


satisfies 
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North Pole 


. Reindeer are not Santa Claus. 


. Reindeer must carry someone/something. 


. Santa Claus must be carried by reindeer. 
. Reindeer exists. 


Group Task: Describe an example of North 
Pole consistent with these conditions? 
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Warning 


« There are many ways to say the same 
thing (a single structure may be specified by multiple 
sets of logical statements). 

— Exactly one © (at least one & at most one) 

« Astatement can mean multiple things (a 
single set of logical statements may specify multiple 
structures). 

—“Every doll has exactly one name.” => Can still 
be satisified if there is no dolls. 
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Section 3 


Other Problems 


* El Farol problem 
The Irishmen in the area (100 of them) like to 
go to the local pub when Irish music is played 
(Thursday evenings) only if the pub is not 
crowded (up to 60 people). How could they 
predict the pub is not crowded? 


¢ Weather 


* Drug trafficking 
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Dance 


[Exam C, Spring 2003] 

* Two basic steps of Tango: Basico and 
Sentada. 

« Rules 
. The dance must begin with Basico. 
. The dance must end with Sentada. 


. Basicocan be used at any point and can be 
repeated as many times you want.after itself 


. Sentada cannot be repeated after itself. 
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Constraint-Satisfaction Problems 


Find a solution (structure) that would 
satisfy a set of constraints (logic) 
—Games/puzzles of all sorts 

— Scheduling problems 

—Traveling salesperson problem 
—Analog circuit analysis/synthesis 

— Option trading analysis 

—DNA sequencing 
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Summary Exercise 


Not graded; write at the end of your exercise 


. Identify the most important point of 
today’s lecture in a single sentence. 


. List points that were difficult/confusing to 
understand, if any. 


. Are you convinced that discrete math is 
useful? Why or why not? 
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Section Summary 


Logic-structure connection 


—Can be used to represent objects/ohenomena 
in a precise manner 


—Can be found everywhere (even though you 
may not notice it) 


—Many aspects of this will be explored through 
the semester. 


—Theme of the mini project (new to this 
semester) 
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Unit Al: Mathematical Modeling, 8/29/03 


Exercise 1: Objects ina Room 
Consider the following conditions about objects in a room [remember the initial survey?]: 


1. An object must have another object on top of it. 
2. An object cannot be on top of itself. 
3. If an object X is on top of another object Y, Y cannot be on top of X. 


Then, consider the following five scenarios and respond to the associated questions (and one 
more question). Note that we can view the conditions as ‘logic’ and the scenarios as ‘structures’. 
Thus, we examine whether logic specifies a particular structure. 


A. Scenario: The room does not have a ceiling. There is an object (call it Object #1) on the 
floor. There is another object (call it Object #2) on top of Object #1. There is yet another 
object (call it Object #3) on top of Object #2. More objects are stacked in this manner 
without limit. 

Question: Examine whether this scenario is consistent with the three conditions. In other 
words, is any of the three conditions violated? 


Hint: Visualize this and the following scenarios by drawing pictures. 


B. Scenario: There are three objects. 
Question: Would it be possible to satisfy all of the three conditions? Explain. 


Hint: Observe M.C. Escher’s Ascending and Descending (if not familiar, do a web search). 


C. Scenario: There are two objects. 
Question: Would it be possible to satisfy all of the three conditions? Explain. 


D. Scenario: There is one object. 
Question: Would it be possible to satisfy all of the three conditions? Explain. 


E. Scenario: There are no objects. 
Question: Would it be possible to satisfy all of the three conditions? Explain. 


F. Are there any other possibility? Explain. 


Exercise 2: Professionals 


Let us consider a real-world (?) situation involving professionals. The conditions (logic) are as 
follows: 


1. Everyone is mad. 
2. There is at least one doctor. 


There are at least two lawyers. 

Doctors are not lawyers. 

Lawyers sue everyone. 

Doctors sue back if they are sued. 

There is an individual who does not sue. 


TDN Oe 


We now find out a possible scenario (structure) consisting of the following components: 


e List of involved people (give arbitrary names to distinguish them) 
e List of lawyers, doctors, and mad people 
e Information about who sues whom 


Find a scenario (structure) that is consistent with all the conditions and involves the smallest 
number of individuals. 


Hint: Again, draw a picture. 


Exercise 3: Create Your Own Logic-Structure Connection 


We have seen a few examples of logic-structure connection (“North Pole’ in class, H1 and H2 
above). In this exercise, you will create your own such example. First, find a topic of your 
interest and imagine a certain situation/scenario (structure in your mind). Do not write down the 
scenario on the exercise sheet; keep it in your mind. Then, write down logical statements (in a 
way similar to the examples) so that your scenario is consistent with the logical statements. Also 
try to make the logical statements ‘precise’, ‘correct’, and ‘concise’ (review lecture slides on 
these terms). 


Note: In case you find this difficult, explain why it is difficult and what you will need to know 
to do this exercise. 


<End> 


A2: Structure Components 


Today 


Identify and use structure components 
— Example: North Pole (sets, relations) 

— Example: Barbie Dolls (functions) 

— Practice: Sets, relations, and functions 

* Take-home exercises 


— Objects in a room, Set/relation/function 
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Set and Relation 


* Collection > Set 
— Collection of Santa Claus’s 
— Collection of reindeer 
— Collection of gifts 
— Collection of objects 


* Association between two objects > 
Relation 


— Information about who carries what/whom 
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preliminary 


Relation 


Relation = association between two 
objects 


— Must be able to say whether or not an object 
is in a particular relation to another object 
Examples 
— “Sit-next-to” relation: __ sits nextto__.. 
—“Older-than’ relation: —_ is olderthan__.. 


— “Has-same-value’” relation: “1 + 1” has the 
same value as “2” 
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Section 1 


North Pole 


* Logic (logical statements) 
1. Reindeer are not Santa Claus. 
2. Reindeer must carry someone/something. 
3. Santa Claus must be carried by reindeer. 
4. Reindeer exists. 
¢ Structure (representation in mind) 
— Santa Claus: none 
— Reindeer: one 
— Carrying: The reindeer carries gifts. 


CMSC210 A2 2 


Set 


* Set = collection 


— Must be able to say whether or not an object 
is in the set 


— Set consists of members (or elements) 
« Examples 

— Set of students in this class 

— Set of reindeer in Finland 

— Set of natural numbers 
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North Pole, Revisited 


Structure 

— Set of Santa Claus’s: empty 
Set of reindeer: one (call him RedNose) 
Set of gifts: gift,, gift, gift, 
Set of objects: RedNose, gift,, gifty, gift, 
“Carrying” relation: 
¢ RedNose carries gift,. 


* RedNose Carries gift. pee aon 


* RedNose Carries gifts. 
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Section Summary 


* Structure components (preliminary) 


— Set(s): about a single object, either in or out of 
the set 


— Relation(s): about two objects, whether or not 
the relation hold between the objects 
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Section 2 


Barbie Dolls 


Set of dolls: Doll1, Doll2 
Set of shirts: Shirt1, ..., Shirt5 
Set of (pairs of) pants: Pants1, ..., Pants4 


Relation “wears”: Doll! wears Shirt1, Doll1 
wears Panis4, etc. 


Set of names: Ken, Naomi, ... 


Relation “is called”: Doll1 is called Naomi, Doll2 
is called Ken. 
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preliminary 


Special Relation 


Directional: i.e., input > output 

For each input, there is some output. 
The output is unique. 

This type of relation is called function. 
Function example? 

— Relation between dolls and clothes 

— Relation between dolls and names 

— Relation between names and dolls 
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Foreign Policy 


[Final Practice, Spring 2003] 

* Suppose that you are the foreign minister of a 
country whose foreign policy is that “an enemy 
of an enemy is a friend.” In a UN session, you 
must defend this policy. 


¢ Then, you insist that every other country is 
“either with us or against us.” 


Group Task: Find “relation(s)” and try to analyze 
the validity using the relation(s). 
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Properties of Relation 


Relation can be between two different sets 
In general, the object ordering matters 
— “Doll1 wears Shirt” + “Shirt1 wears Doll1” 


In general, one object can be related to multiple 
objects 


— Both “Doll1 wears Shirt1” and “Doll1 wears Pants4” 


It is also possible to consider a relation between 
three or more objects 
— E.g., “2 is the average of 1 and 3” 
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Mathematical Functions 


The notion of function is used heavily in 

math. 

Examples 

— Absolute value: |2] = 2, |-3| =3 

— Square root: V2 = 1.414... (defined for non- 
negative real numbers) 

It is also possible to consider a function of 

more than one inputs 

—E.g., addition: 1+ 2 => 3 
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Section 3 


Section Summary Sets, Relations, Functions 


Structure components Represent the following as a set, relation, 

— Set(s): about a single object, either in or out of or function? 
the set 

— Relation(s): about two objects, whether or not 
the relation hold between the objects 

— Function(s): special case of relation; 
directional, often representing an operation 

. Structure can be represented as a — Meaning of a sentence (in English) 
combination of sets, relations, functions 


— Pronunciation of a sentence (in English) 
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— Books in a library 

— Marriage 

— ASCII code of a character 
— Current weather 

— Sentences in English 
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Game of ‘Geography’ Section Summary 


Structure(s) 


Set(s) 


specifies 


Relation(s) 


Function(s) 
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Summary Exercise 


¢ Explain why we want to use sets, 
relations, and functions as structure 
components. 


* Questions/Comments/Suggestions 
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Unit A2: Structure Components, 9/5/03 


Exercise 1: Objects in a Room 
Let us revisit Exercise Al-1. Again, consider the following conditions about objects in a room 
(logic): 


1. An object must have another object on top of it. 
2. An object cannot be on top of itself. 
3. If an object X is on top of another object Y, Y cannot be on top of X. 


Then, we re-examine the structures (scenarios) that would satisfy the conditions. 


A. Scenario: The room does not have a ceiling. There is an object (call it Object #1) on the 
floor. There is another object (call it Object #2) on top of Object #1. There is yet another 
object (call it Object #3) on top of Object #2. More objects are stacked in this manner 
without limit. 

Question: Identify sets, relations, and functions (where applicable) as components of the 
structure corresponding to the above scenario. 


Hint: Refer to the examples North Pole and Traffic Lights regarding how to write your 
answer. 


B. Scenario: There are three objects. 
Question: Identify sets, relations, and functions (where applicable) as components of the 
structure corresponding to the above scenario. 


C. Scenario: There are no objects. 
Question: Identify sets, relations, and functions (where applicable) as components of the 
structure corresponding to the above scenario. 


Exercise 2: Sets, Relations, and Functions 


For each of the following concepts, choose the most appropriate way of representing it from set, 
relation, and function. Concisely explain why your choice is more appropriate than the other 
choices. 


Buildings on the TCNJ campus 

Products sold at each vending machine on the TCNJ campus (at a certain time) 

Cash deposit of each vending machine on the TCNJ campus (at a certain time) 

Islands that have a lake without the boundary [Note: This may sound strange. But the lake on 
those islands must not have the boundary. ] 

Elevation of islands that have a lake without the boundary 

Animals that live on islands that have a lake without their boundary 


PY eS 


nn 


<End> 


Conceptual Framework 


Final Exam (Spring 2003) 


Professional 


rl Knowledge (a) 


Doctor’s Beliefs Patient’s Beliefs 


-) about Outcomes (c) about Outcomes (d) 


Personal 


Knowledge (b) y 
Intended 


Outcomes (e) 


¥ 
Actual 
Outcomes (f) 


Interference (g) 
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A3: Structures 


Today 
« Analyze structures for similarity and 
difference 
— String vs. primitive counting 
— Primitive counting vs. Max 
— More structure examples 
* Take-home exercises 
— Addition vs. Multiplication, Drug Trafficking 
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Analysis of Properties 


¢ Properties shared by String and Primitive 
Counting 
— For any x, y,z, (x+y) +z=x+(ytz 
[associative] 
— There is an element x such that 
x+y=y+x=y for any y. [identity element] 
¢ These structures are fairly similar. 
* Property not shared by String 
— For any x, y, x+y =y +x [commutative] 
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Module A Evaluation Workshop 


+ Tue., Sep. 16, class time (one week from today) 

« Review the relevant part of the syllabus and the on-line handbook 
+ Prepare a manila folder or a large envelope 

* Complete and bring “Take-Home Exercise Self-Evaluation Form” 


(distributed today) along with exercises 


+ Exercise A3 will be returned that day. Include it in the pile then. 
* Complete and bring “Module A Comprehensive Exercises” 


(available on-line) 


* Group evaluation sessions (open book): 20 min x 3 
+ “Comprehensive Exercise Self-Evaluation Forms’ will be distributed 


that day (no need to print in advance) 


+ Submit all materials at the end of the session 
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Section 1 


String vs. Primitive Counting 


* String 


— Set of strings: e.g., “I”, “scream”, empty string, 
etc. 

— “Concatenation” operation: e.g., 
= “Iscream” 

Primitive counting 

— Set of primitive numbers: 0, 1, 2, © 

— “Addition” operation: 1+ 1=2, 1+2=., etc. 


Group Task: Similar or different 


Wa 


+ “scream” 
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Section Summary 


Different-looking phenomena may have 
similar structures. 


Similar structures can be processed by 
similar procedures. 
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Section 2 
Primitive Counting vs. Max 


Primitive counting 
— Set of primitive numbers: 0, 1, 2, c 


— “Addition” operation: 1+ 1 =2, 1+2=., etc. 


Max 


— Set of integers (neither the smallest nor the 
greatest integer) 


— “Max” operation: e.g., max(1, 2) = 2, max(-2, 
-2) =-2 


Group Task: Similar or different 
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Section Summary 


¢ Similar-looking phenomena may have 
different structures. 


¢ Different structures require different 
procedures to process. 
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Graphs vs. Trees 


* Graphs 

— (roughly) Arbitrary connection of points 
* Trees 

— Special case of a graph 

— Connected, no loops 
* Consequence 


— Procedures for a graph can be used for a 
tree, but not vice versa. 
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Analysis of Properties 


* Property of Primitive Counting not shared 
by Max 
— There is an element x such that 
x+y=y+x=y for any y. [identity element] 
¢ These structures are substantially 
different. 


— Properties/procedure applicable to Primitive 
Counting may not apply to Max. 
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Section 3 


Examples 


Find the fastest route (map/GPS) 
Represent corporate organizations for 
management 

Represent database for efficient data 
processing 

Represent programming languages for 
compilation 


Represent digital circuits for simplification 
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Classification of Structures 


* Operational, relational, or other 


— Operational: a set and operation(s) [i.e., 
functions] on the set 


— Relational: a set and relation(s) on the set 
— Other: some mixture of the above 
Applicable properties 

— Associativity 

— Existence of identity element 


— Connectedness, existence of a loop 
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Section Summary Summary Exercise 


¢ Structures can be classified based on ¢ Explain how to identify similarities and/or 
— Components: sets, relations, functions differences between two given structures. 


— Properties * Questions/Comments/Suggestions 


* By giving properties (as logical 
statements), desired structures can be 
specified. 
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Unit A3: Structures, 9/9/03 


Exercise 1: Addition vs. Multiplication 


In this exercise, we compare structures involving (i) a set of numbers and (ii) either addition or 
multiplication as the only operation on the numbers. We do this comparison for the following 
two different cases: (A) the set of numbers is limited to positive integers and (B) the set contains 
all real numbers. 


A. As the set of objects, consider only positive integers, i.e., 1, 2, 3, ... (1.e., no greatest number). 
Then, we consider two structures Addition,,,, and Multiplication,,,,: Addition;,, is a 
structure consisting of the set of positive integers and the usual addition operation ‘+’, and 
Multiplication,,,, is a structure consisting of the set of positive integers and the usual 
multiplication operation, ‘x’. Compare these structures with respect to the property 
“existence of an identity element” and evaluate whether or not they are similar. 


Note: An identity element x must satisfy x + y = y +x =y for any y in the set designated for 
the structure under consideration. That is, for this part, A, you must consider all positive 
integers but must exclude numbers such as 0, —1, and 0.5. 

B. As the set of objects, consider all real numbers. Then, we consider two structures 
Additiong,,;and Multiplicationg,,; Additiong,,) is a structure consisting of the set of real 
numbers and the usual addition operation ‘+’, and Multiplicationg..) is a structure consisting 
of the set of real numbers and the usual multiplication operation, ‘x’. Compare these 
structures with respect to the property “existence of an identity element’ and evaluate 
whether or not they are similar. 


Exercise 2: Drug Trafficking 


Drug trafficking involves a variety of players. In this exercise, we will represent a hypothetical 
situation of your choice as a structure. You must decide on the level of details and complexity. 
Since this is an exercise in Discrete Math, not in Social Science, you need to reflect some aspect 
of drug trafficking. It does not need to be complete. [Optional (but definitely not required) 
reading: The Social Impact of Drug Abuse from United Nations Office on Drugs and Crime at 
http://www.unodc.org/pdf/technical_series_1995-03-01_1.pdf (clickable in the on-line version)] 


A. Represent your situation as a structure, i.e., as a combination of sets, relations, and/or 
functions. Give general description for each involved component. 

B. Compare the structure you obtained in Question A above with the structures discussed in 
class. Try to find similar structures. Explain. 


<End> 


Section 1 


A4: Logic Logical Statements 
Today * North Pole Vay (9) > (8,99) 


* Identify and use the basic components of — Reindeer are not Santa Claus. 
logic 


— Reindeer must carry someone/something. 


— Santa Claus must be carried by reindeer. 
— Reindeer exists. 


— Logical statements 
— Syntax and semantics 


— Logic-structure connection * Properties of an operation/function 
Due by the next class 


—For any x, y,z, «aty)+z=x+(y +2) 
— There is an element x such that 
x+y=y+x=y for any y. 
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— Take-home exercise self-evaluation 


— Module A Comprehensive Exercises 
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2 


‘Truth Condition’ 


* Logical statements must be either true or 
false. 
¢ Examples/Counterexamples 
—-1+1=2 
-1+1=3 
— 12345678901234567 is a prime number. 
— There is nothing outside the universe. 
— Is this sentence true? 


— This sentence is false. 
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Primitive Statements 


¢ Property 
— Bill is honest. 
— George is intelligent. 
¢ Equality 
— Kirk Douglas = Issur Danielovitch 
—| (first person singular) = Meg Ryan 
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Complex Statements 


* Combination 
— George is intelligent and Bill is honest. 
— Michael Keaton # Michael Douglas + E.g., Peopye 10 wredAryevt. 
— If George is intelligent, then 1+ 1 = 1. — Variable interpretation 

* Referring to quantity Big) Ne ieelegant 


— There is at least one student in this room. * The eeu wie oe ie 
— Every woman kicks some man. he prgesited ated Eo lupiealses 


—E.g., one’s romantic experience 


5 


Limitations 


* Impossible to interpret precisely 
— Unknown symbols 
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Section Summary 


* Avariety of conditions can be represented 
as logical statements. 


¢ There are conditions that cannot be 
represented as logical statements. 


* Logical statements must be understood by 
the users unambiguously. 
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Examples 


« Analyze the syntax and semantics 


1. George is intelligent. 
2. Kirk Douglas = Issur Danielovitch 


3. (George is intelligent) and (Kirk Douglas 
# Issur Danielovitch) 


4. Everyone loves Raymond. 
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Summary: Combination 


“and”: true if both are true 

“or”: true if at least one is true 
“not”: truth value inversion 

“if: slightly complicated [more later] 
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Section 2 


Syntax and Semantics 
2a27 077 ea27 77177 529779777. 


¢ Logical statements are understandable 
because we can interpret symbols in a 
specific way. 

* Symbols and their combination = Syntax 
(form) 


* Interpretation of symbols => Semantics 
(meaning) 
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Group Exercise 


Analyze the syntax and semantics 


. There is at least one student in this 
room. 


. lf George is intelligent, then 1 +1 = 1. 
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Summary: Quantity 


« “all” / “every” / “any”: all the objects of a 
particular property 
—E.g., Every living form dies. 

* “some” / “a/an”: at least one object of a 
particular property 


—E.g., Some computer program never 
terminates. 
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Section 3 


Section Summary Logic-Structure Connection 


+ Logical statements follows certain : specifies 
syntactic constraints. eC ee 
* Meaning of a logical statement can be satisfies 
obtained by analyzing each component 
one by one. « Example 
— Logic: There is at least one object. 
— Structure: Any structure that has at least one 
object 
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Underlying Mechanism Section Summary 


* Logic The logic-structure connection is based on 
— Syntax: How to use/combine symbols the syntax-semantics aspects of logic. 
— Semantics: How to interpret symbols Logical statements may specify multiple 
* Structure: Must be consistent with the structures. 
semantics of the logic In general, more logical statements => 
fewer structures 


Inconsistent logical statements (e.g., p and 
not p) > no structures 
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Module A Summary Module A Evaluation Workshop 


* Tue., Sep. 16, class time (next class) 

Structu re(s) + Review the relevant part of the syllabus and the on-line handbook 

+ Prepare a manila folder or a large envelope 

a Set(s) . Complete and bring “Take-Home Exercise Self-Evaluation Form” 

specifies (distributed in last class) along with exercises 

I ‘ + Exercise A3 will be returned that day. Include it in the pile then. 

Relation(s) * Complete and bring “Module A Comprehensive Exercises” 

(available on-line) 

Fu nction(s) + Group evaluation sessions (open book): 20 min x 3 

* “Comprehensive Exercise Self-Evaluation Forms’ will be distributed 
that day (no need to print in advance) 

+ Submit all materials at the end of the session 
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Summary Exercise 


* Explain why logic can be used to convey 
precise meaning 


* Questions/Comments/Suggestions 
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Module A Supplement 


Here are some general comments of mine on the exercises you handed in on Friday. Review how | discuss these 
exercises and try to take advantage of it in your self-evaluation. 


Unit A3 Exercise 2 (Drug Trafficking) 


In this exercise, you were asked to represent a hypothetical drug trafficking scenario as a mathematical structure 
as a combination of sets, relations, and functions. Thus, you should be 


A very simple hypothetical scenario might be as follows: Drug producers in some country sell drug to traffickers. 
The traffickers around the world sell drug to dealers in certain target countries. The dealers sell drug to users. 


Note: It was very good that you came up with all sorts of realistic and/or revealing scenarios. More 
complex scenario will end up with more complex representations. Here, | use a simple one to illustrate 
how you can represent it in a way we discussed in class. 


In this scenario, the key players include producers, traffickers, dealers, and users. They are all people. So, we 
can consider a set of people. The essential connection between these people is the act of selling. So, we can 
consider a relation "sells", i.e.,"___ sells (drug) to__”. 


Then, we have a mathematical structure, say, DrugTrafficking, consisting of the following components: 


e Set of people: (for example) producer,, producerg, trafficker4, traffickerg, ..., dealer), ..., uSerpy 
e Relation "sells (drug) to": 

© producer, sells (drug) to trafficker, 

o producer, sells (drug) to trafficker 

© producerg sells (drug) to trafficker, 

O! saa 

o dealer;, sells (drug) to user, 


A relation connects two objects, in this case two people. As shown above, if one individual is involved in two 
different people, you will need to show both instances. You will also need to analyze whether this relation is a 
function (you must be able to analyze this by observing that producer, is involved with two different people). 


Structure DrugTrafficking is different from several structures discussed in class. For example, it is different from 
String, PrimitiveCounting, and Max because the structure patterns are different (the latter structures involve a 
function, not a relation). It is different from BarbieDoll because the latter involves multiple relations and also a 
function. However, it is similar to a few structures, e.g., ObjectsInRoom, NorthPole, Professional, Map. All of 
these involve a set and a relation (which cannot be in general a function). In fact, this kind of structure is called 
Graph, as we discussed in class. Although | did not clarify in class, DrugTrafficking is in general not a Tree 
(check the properties shown on slide) because it is quite possible that there are disconnected groups of people 
(e.g., a drug trafficking links from South America to the US and another entirely separate one locally taking place 
in a remote community near the Arctic). 


Unit A4 Summary Exercise (about why logic can convey precise meaning) 


While we can discuss a variety of aspects, | will focus on a few essential ones. First, primitive statements 
(property and equality) can convey precise meaning because there is a precise way of interpreting whether an 
individual has a property (by checking set membership) and whether an equality holds (by checking the identities 
of the referent). Next, complex statements can convey precise meaning because there are several ways of 
combining component statements (primitive or complex), which are syntactically precisely defined. Each of 
building a complex statement has a precise rule to interpret the complex statement out of its component 
statements. For example, the truth value of a complex statement that involves "and" depends on the truth values 
of both component statements. 


1 of 2 


In certain cases, the truth values of a statement depends on the context. In practice, it is very important that we 
be able to analyze a variety of contexts to interpret logical statements. For this reason, we tackle a somewhat 
challenging exercise (Module A Comprehensive Exercise 2). When we discuss two standard versions of logic (in 
Module B), the semantics of a statement must be interpreted independent of the context. 


This summary exercise appears to be more challenging. Although we discussed all the points described above, 
not many students were able to point out the essential points. In this course, we try to prepare ourselves for the 
future when we will surely face all sorts of uncertainty. So, we will do exercises that are not repeating what are 
shown or said earlier. We need to be able to analyze (into principles) and synthesize (from principles) depending 
on the situation. 


<End> 
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Module A Comprehensive Exercises, 9/12/03 


Due at the beginning of the class meeting on 9/16/03 


General note: Try to do all the problems. You will evaluate each of the problems yourself with 
the help of another (or two) student(s). Your evaluation should be based on how well you 
achieve the relevant part of the course Performance Goals, not on how correctly you answer the 
problem. Therefore, instead of worrying about obtaining a correct answer (some problems may 
not have a correct answer, like many real-world problems), apply your critical thinking and 
analytical skills. 


1. Orchestra 


Note: You do not need to be a musician. If you do not know much about orchestra, do a quick 
search, say, on the internet. Since this is not a problem in music, the accuracy of your work is 
not the focus. So, as long as it is clear that you are representing some kind of orchestra 
(symphony, chamber, jazz, rock, mariachi, etc.), you can simplify the information to a level 
appropriate for this exercise. 


Consider an orchestra (of the kind you choose) and respond to the following 
questions/instructions: 


A. Identify a scenario/story you might need to model an orchestra (as object/phenomenon). 

B. Informally define a mathematical structure that would represent this object/phenomenon, and 
precisely describe each structure component (in plain English). Try to include as few 
structure components as possible for your scenario. 

C. Classify each structure component as set, relation, or function, and justify your classification. 
If there are multiple ways to classify a component, discuss their advantages/disadvantages. 

D. Compare your structure with at least two other structures discussed in class/exercises and 
argue for their similarities/differences. 

E. Discuss the advantages/disadvantages of informally representing objects/phenomena, cf. the 
use of mathematical symbols. 


2. Gone with the Wind 


At the end of Part 1 in a classic movie film “Gone with the Wind,” Scarlett O’ Hara shouts, “I 
shall never be hungry again!” Let us analyze this sentence step by step. Note that we have not 
(and will not) discuss precise meaning of the words “shall,” “never,” and “again” in this course. 
Apply your commorrsense understanding of these words when needed. 


A. First, consider a simplified version: “Scarlett O’ Hara is never hungry.” Is this sentence true? 
If you can answer this question, explain. If not, explain what other information you need. 

B. Apply the syntax-semantics distinction in the analysis of the sentence in Question A. 

C. Next, analyze another simplified version: “Scarlett O’Hara shall never be hungry.” 

D. Then, analyze the original: “I shall never be hungry again.” 


3. 


Java Comment 


In introductory programming courses, you will most certainly be required to comment your 
program appropriately. The most common way of commenting multiple lines in Java and C++ is 
to use the pattern /* ... */ (called “traditional comment’). According to Java Language 
Reference (2nd edition of 1997 from O’ Reilly by Mark Grand), this type of comment is specified 
as follows: 


A standard C-style comment, where all of the characters between /* and */ are ignored. 


Respond to the following questions/instructions: 


A. 


B. 


J 6 


mH 


Give several good and bad examples of Java traditional comments, based on the above 
specification. 

Test all of the above examples with real Java or C compiler and report the results. Note: In 
case you have no programming experience, contact the instructor. 

Does the specification correctly cover all and only the good Java traditional comment? If 
yes, explain. If no, give a correct specification. 


. Analyze what you did in Questions A through C using the logic-structure connection 


diagram 

Let us consider a way to specify Java traditional comments as a set. For example, a first 
attempt might define the set as a collection including /**/, /* */, /*a*/, /*b*/, etc. If 
we can tell how to fill in the “etc.” part precisely and accurately, the set is indeed capable of 
specifying Java traditional comments. Discuss whether it is possible. 

Suppose that a student answered to Question E is “yes.” What can you tell from this, with 
respect to the course Performance Goals 5 (see the syllabus or the self-evaluation form)? 


<End> 


Unit BO: Number Systems, 9/16/03 


Note: Some of you are already familiar with this topic. If you feel that you can teach this 
material to other students, send me e-mail. You will be exempt from this exercise (with full 
credit). Otherwise, this is a required component of the Module B evaluation. 


Exercise 1: Conversion 
Read the on-line document “Number Systems” available at: 


http://www.tcnj.edu/~komagata/cmsc210/03f/misc/NumberSystems.pdf (clickable) 


Explain how to do the following conversion. You may check your answer using a calculator or 
a calculator simulator on a computer. Note that all numbers are positive and you do not need to 
worry about negative numbers. 


A. Convert 10101, to the corresponding decimal number 
B. Convert 5719 to the corresponding binary number 
C. Convert 57, to the corresponding decimal number 
D. Convert 57;9 to the corresponding base-7 number 


Exercise 2: Number Systems in Reality 
Answer the following questions: 


A. Why are multiple number systems are used? Wouldn’t it be more convenient if we can deal 
with just one, say, decimal or binary? 

B. Why is the hexadecimal number system used to represent various aspects of computer 
architecture, e.g., memory location? 

C. The Chinese language uses thousands of characters. (1) Explain why the ASCII code cannot 
support these characters. (2) Also explain whether a newer character representation scheme 
called Unicode that uses 2 bytes would be adequate to support Chinese characters. 


<End> 


Post-Evaluation Procedure Animal Kingdom 


Your evaluation packet is being returned for review. . Guerrillas consist of George, Don, and John. 


— Compare your self-evaluation and my adjustment . Mammals are those which breast-feed. 
— Go over my comments (if applicable) Furby is a Mammal. 


You must resubmit it by the class time on Fri., Oct. 3. Guerrillas are those who attack by surprise 
— If you did not achieve 10 for any component, you are invited to 


make an individual appointment with me and make another . There are more Humans than Guerrillas. 
attempt to convince me of your understanding by this deadline. . Humans are Primates. 
— If you have achieved full scores or do not wish to re-do, resubmit 
the packet immediately. . 
You are encouraged to exchange information regarding Ne Humans are EAiniEs. . 
how to achieve the learning goals and how to convince Non-Humans cannot be Guerrillas. 


others/me. 0. Primates which are not Humans. ree 
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. Both Humans and Chimps are Primates. 


Section 1 


Bi: Sets Defining Sets 


Today List notation 

* Formally represent sets and use them to — {1, 2,3, 4}, ie., “the set A contains ...” 
analyze phenomena 
— Set definitions Members 


— Set relations Predicate notation Sone | 


— Set operations — {x |x is a positive integer less than 5} 
* Take-home exercises —_MS Word has Math symbols if 


— North Pole, English, Books Variable Condition that applies to the variable 


i.e., “the set B is a collection of things (x) that satisfy ...” 
CMSC210 B1 CMSC210 B1 4 


Naming Sets Properties of Set 


¢ Pattern: Name = Set definition Objects are either in (member) or Out (non- 
¢ Examples member). 
« A={1,2,3,4} The members of a set must be discrete (not 
* B={x|x isa positive integer less than 5} continuous, e.g., water). 
* C=the set of integers Every member of a set must be distinct (no 
repetition of the same object, e.g., {1} = {1, 1}). 
A set can be empty. 
A set may have infinitely many members. 
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Section Summary 


* Set definitions 
— List notation (if finite) 


— Predicate notation (if the defining property is 
known) 


« Properties 
— Either in or out 
— Discrete and distinct 
— Possibly empty or infinite 
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Section 2 


Membership Relation 


A (set) —~ Convention: upper case for sets 


® @ e 
a(member) b (member) c (non-member) 


* Between an object and a set 
— Notation: 
aeé A, i.e., “a is amember of A” 
c¢éA,i.e., “c is not a member of A” 
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Cardinality 


* The number of elements 
— Notation: |A| for a set A 

* Examples 
—IfA={1, 2}, |AJ=2 
—IfA={1,2}, {A}]=1 


— |the set of Santa Claus| = 0 (under a certain 
assumption) 
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Group Exercise 


A. Identify a set that can be defined with the 
list notation 


— Define it with the list notation 
— Define it with the predicate notation 


B. Identify a set that cannot be defined with 
the list notation 


— Define it with the predicate notation 
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Set Identity 


* Two sets are identical. <= The two sets 
have exactly the same members. 
— Ordering does not matter 
— Notation (list vs. predicate) does not matter 
—E.g., if A = {1, 2, 3,4} and B= {x| xis a positive 
integer less than 5}, A=B 
: a seat 
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Special Sets 


¢ Exactly one member (cardinality 1): 
singleton (set) “Singleton vs. member? 
¢ Absolutely no member (cardinality 0): 
empty set 
— Notation: © 
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Subset Relation Section Summary 


* A is a subset of B. <= Every member of A 
is also a member of B. 
— Notation: A cB 


Set relations [true/false] (cf. functions) 

— Membership: between objects and sets 
— Subset: between two sets 

Convention: Set identity 


+ Member as a point Cardinality 
* Subset as a circle Special sets: singleton, empty set 
— Negation: A ¢ B 
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Section 3 
Group Exercise Union and Intersection 


* Some languages of the world are classified into + Union of sets A and B: {x| xe A orxe B} 
language families, e.g.: 


—Notation: AUB 
— Germanic (Ge) 
— Romance (Ro) Venn diagram 


— Slavic (Sl) 


— Indo-European (IE), including Ge, Ro, SI * Intersection: of sets A and B: {x|x € A and 
List several languages (assign a symbol, e.g., E xe B} 


for English). Formally represent as many AW —B 


; : —Notation: AB 
relations between languages as possible. 
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Disjoint Sets Complement 


¢ Universal set: The set of 


all the members under 
oe & : consideration 


— Notation: (often) U 
Complement of set A 


© {x|xe Uandx¢ A} 
— Notation: A' 


* Sets A and B are disjoint. = AN B= 
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‘Difference’ 


Section Summary 


* Set operations [function: input/output] 
B. — Union 
¢ — Intersection 
— Disjoint 
— Complement 
* Difference A — B: {x|xe A and x ¢ B} 


— Difference 
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Summary Exercise 


. Compare informal and formal 
representations of “sets” with respect to 
preciseness and conciseness. 

. If there were unclear, difficult, and/or 
confusing points, please list them all. 
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Unit B1: Sets, 9/19/03 
Exercise 1: North Pole 


Recall our hypothetical world of North Pole and answer the following questions: 


A. Suppose that there are two reindeer. Formally define the set of reindeer labeled as R. You 
may call each of reindeer as you like. 

B. Continue with the assumption in A. Formally represent the fact that each reindeer is a 
member of the set R. 

C. Continue with the assumption in A. Using this information, formally represent the fact that 
two sets are identical even when the members are ordered differently. 

D. Suppose that Santa Claus does not exist. Formally define the set of Santa Claus’ labeled as 

S. 

Suppose that there are no unicorns either. Formally define the set of unicorns labeled as U. 

Continue with the assumptions in D. and E. Discuss whether the sets § and U are identical. 

What kind of conclusion can you draw from this? 


™ i 


Exercise 2: Sentences in English 
Consider the following sets and answer the questions that follow. 


S = the set of sentences 

P = the set of sentences that are in the past tense (e.g., “Furby slept.”’) 

F = the set of sentences that are in the future tense (e.g., “Furby will sleep.”’) 
Q = the set of sentences that are also questions (e.g., “Is Furby sleeping?”’) 


Note: Limit the universe to only grammatically correct sentences in English. 


A. Draw a Venn diagram that would accurately represent the relation among the above sets. 
B. Give as many relationship between these sets as possible, e.g., P CS. But do not include 
redundant ones. 


Hint: Consider all sorts of relations and operations on sets (review the slides) and find out 
whether you can represent them formally. 


Exercise 3: Books 
Consider the following sets involving a variety of books. 


B = the set of books 

F = the set of fictions 

N = the set of nonfictions 

H = the set of Harry Potter books 
C = the set of cook books 

T = the set of textbooks 

P =the set of picture books 


A. A book must be either a fiction or a nonfiction. That is, a book cannot be both fiction and 
nonfiction; but it must be one of these. Represent this fact formally. 

B. Picture books can be either fiction or nonfiction. Represent this fact formally. 

C. Suppose that there are more Harry Potter books than nonfiction picture books. Represent 
this hypothesis formally. 

D. At the Restaurant School, some (but not all) cookbooks are considered as a textbook. But 
obviously, not all textbooks are a cookbook. Represent this situation formally. 

E. We wanted to represent in our document that cookbooks are nonfictions. However, suppose 
that our computer happens to lack the font ‘<’. How can you represent the same idea using 
other symbols (do not use { ... })? 

F. Non-picture books include all of Harry Potter books, cook books, and textbooks. Formally 
represent this situation without using the symbol ‘—’. You may assume that our universe 
contains only books. 

G. Draw a Venn diagram that is consistent with all of the above conditions, including all the sets 
given above. If some area has some element, indicate the fact by placing ‘e’ (dot). If some 
area is completely empty, indicate the fact by placing ‘x’ (cross). 

H. Literally translate the following into English: P — T’ 

<End> 


Review 
B1: Extra Exercises 


. Draw a Venn diagram to analyze the 
general case of involving three sets and 
formally represent each region. 


What about i four sets are involved? 

. Justify: (An BY =A°UB’ 

. Describe the following in English: 
(AN BACY=A UB UC 
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B2: Relations 


Today 


* Formally represent relations and use them 
to analyze phenomena 


— Formal representation of relation 
— Relation type 

— Basic properties of relation 
Take-home exercises 

— Professionals, Electronic Map 
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Other Relation Examples 


Barbie dolls 

North pole 

Objects in a room 
Drug trafficking 
Professionals 
Corporate organization 
Computer files 
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Foreign Policy 


[Final Exam Practice, Spring 2003] 

* Suppose that you are the foreign minister of a 
country whose foreign policy is that “an enemy 
of an enemy is a friend.” In a UN session, you 
must defend this policy. 

Then, you insist that every other country is 
“either with us or against us.” 
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Section 1 


Relations in “Foreign Policy” 


“an enemy of an enemy is a friend” 
— “is a friend of” 

— “is an enemy of” 

“either with us or against us” 


— Explain this in terms of the connection 
between “is a friend of” and “is an enemy of”? 


— Explain this using the combined relation “is an 
enemy of an enemy of’? 
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General Properties of Relation 
Relation can be between two/two or more 


objects. 
; Justification/examples? 
Relation 

— Must be between objects from the same set/ 
— Can be between objects from different sets. 
In general, the object ordering matters/ 
does not matter. 

In general, one object can/cannot be 
related to multiple objects. 
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Formal Representation of Relation 


For the case of relation between two objects 
« Requirements: Must be able to 

— Combine two objects 

— Represent ordering between the objects 

— Include a number of object associations 

— Extend to relations between more than two 


objects 
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Binary Relation 


* A set of ordered pairs that characterize a 
certain association between two objects 

¢ Example 
— R= {(d;, 53), (dy, P4), (d>, 83)} Schematic representation 


name actual definition 


« Membership = The relation holds for the 
member (pair) 


* Notation: (d,,5,) € R, d,Rs,, R(d,, 55) 
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(Ordered) n-Tuple 


* Extension of ordered pairs to n elements 
— Notation: (a), a5, ..., d,) OF ( ay, dp, «4, Ay) 
— Special cases: triple, quadruple, etc. 
Example: (1, 2, 3) # (1, 3, 2) # (2, 1, 3), etc. 
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Ordered Pair 


* A pair of two elements in a specific order 
— Notation: (a, b) or (a, b) 
— Property: (a, b) = (c,d) = a=candb=d 

* Examples 


— doll, wears shirt, = (doll,, shirt) 
—1, sues lL, => (,, ly) 


— file,5, |S in folder, = (file,,;, folder,,4) 


* Note: {d,, 55} = {s,d,}, but (d,, 55) # (55, dj) 
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Extension to Multiple Objects 


* Extension of ordered pair 
« Extension of binary relation 
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n-ary Relation 


« Extension of binary relation to n elements 
— Notation: (a, b,c) € R, R(a, b, c) 

* Special names 
— Unary: 1-ary relation (= set or ‘property’) 


* E.g., set of animals = unary relation on objects that 
have the “animal” property 


* Notation: Animal(George) 
— Ternary: 3-ary relation 
* E.g., “United 112 connects PHL and LAX” 
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12 


Section Summary 


To represent a relation 

* Connect two or more things => pair/n-tuple 
—E.g., (a, b)/ (ay, ap, «.., a,) 

* Collect these = set of pairs/n-tuples 
— E.g.,{(d), 92), (dy, P4)s (doy 53) }, (Ay, Gay ones An)s od 
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Section 2 


Classifying Relation 


* Relation involving objects from a single set 
—E.g., “is placed above” 


¢ Relation involving objects from different 
sets 


—E.g., “file is contained in directory” 
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Cartesian Product 


* Cartesian product of sets A and B: 
{(x, y)|xe A and ye B} 
— Notation: A x B 
« Examples 
-A= {a,b}, B= {1, 2, 3} 
-AxA= {(a, a), (a, b), (b, a), (b, b)} 
-AxB={(a, 1), (a, 2), G, 3), 
(b, 1), (b, 2), (b, 3)} 
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Group Exercise 


A. Formally represent the reporting 
structure in your family as a relation. 

B. Formally represent the circle x* + y* = 1 
as arelation. In addition, explain 
whether this relation can be a function. 
Let us define: R = the set of real 
numbers. 
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Not in Text! 
Relation Type 


¢ Relation involving objects from a single set 
—E.g., “is placed above” 
—lLe., (a,b)<e Pwhereae Oandbe O 
—Type:OxoO 

* Relation involving objects from different 
sets 
-E.g., “file is contained in directory” 
—lLe., (x, y)e Cwherexe Fandye D 


re alla dla ype in pograning 
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Binary Relation Description 


¢ Equivalent descriptions of binary relation R 


— Associates objects in set A and objects in set 
B 


— Has type A xB 
—-RCAXB 

¢ Example 
-A={a,b}, B= {1, 2,3} 
-R={(, 1), (a, 3), 


AXB={(a, 1), (a, 2), (a, 3), 
(b, 2) 


(b, 1), (, 2), (b, 3)} 
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Schematic Representation Section Summary 


° A= {a, b}, B= {1, 2, 3} A * Type of a relation indicates the source of 
*RCAXA objects. 

and R = {(a, b), (b, a), (b, b)} * The Cartesian product (e.g., A x B) is used 
* SCAXB to indicate the type of a relation. 

and S = {(a, 1), (b, 2), (b, 3)} 
A B 


) + Identify the type 


<p + Identify set members 
+ Use arrows 
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Section 3 


Group Exercise Properties of Relation 
‘For, e.., structure classification 


Recall “Foreign Policy” Example relations 

* Define: C = {1, 2, 3, 4} a 

* Define: friendOf = {(1, 2), (2, 1), (2,3), B,2)} a 

* Define: enemyOf =? * “reports to” (corporate organization) 
1. Types? “sits next to” (people in class) 


. “sues” (people) 
2. Would it be reasonable to analyze enemyOf ‘is networked with” (computers) 
as the complement of friendOf? Why? 
3. Ils an enemy of an enemy of a friend? 
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Reflexivity Properties of Relation 
‘For, e4., structure classification 


* ForarelationRCAxA Example relations 
« Reflexive: For everyae A, (a,a)eER otc? 
holds. an 
— Note: Not applicable to R cA x B in general * “reports to” (corporate organization) 
— Example: for {1, 2, 3}, {(,1), (2,2), (2,3), (3,3)} “sits next to” (people in class) 
* lrreflexive: For everyae A,(a,a)ER “sues” (people) 
never holds. E.g., {(1,2), (2,1), (2,3)} “is networked with” (computers) 
* Non-reflexive: Neither of the above 


Symmetry Properties of Relation 


‘For, e.g. structure classification. 
For a binary relation RC AXA Example relations 


¢ Symmetric: For every (a, b) € R, (b,a)eR  * 
holds. 

— Example: {(1, 2), (2, 1), (2, 3), (3, 2), (3, 3)} 

« Antisymmetric: If both (a, b) € Rand (b, a) 
€ Rhold, a=b. [okifeither (a,b) € Ror (b,a)] 
-E.g.,‘< 

* Non-symmetric: Neither of the above 


“Eg I2-23.0.3) pega Schematic representation 
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ef’ 
“reports to” (corporate organization) 
“sits next to” (people in class) 
“sues” (people) 
“is networked with” (computers) 
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Transitivity Section Summary 


For a binary relation RC AXA Reflexivity ¢ Transitivity 
* Transitive: For every (a, b) € Rand (b,c) € — Reflexive — Transitive 
R, (a, c) € R holds. — Irreflexive — Non-transitive 
— Example: {(1, 2), (2, 3), (1, 3), (2, 2)} — Non-reflexive 
¢ Non-transitive: Not transitive Symmetry 
— Example: {(1, 2), (2, 3), (2, 2)} — Symmetric 
— Antisymmetric 
— Non-symmetric 
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Summary Exercise 


¢ Discuss the connection between sets and 
relations. 


— Can we represent any set as a relation? 
[discussed today] 


— Can we represent any relation as a set? 
[Take-Home Exercise 3] 


* Questions/Comments/Suggestions 
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Unit B2: Relations, 9/26/03 


Exercise 1: Professionals 


Let us revisit the situation involving professionals. The conditions (logic) are as follows: 


So See ee 


Everyone is mad. 

There is at least one doctor. 

There are at least two lawyers. 

Doctors are not lawyers. 

Lawyers sue everyone. 

Doctors sue back if they are sued. 
There is an individual who does not sue. 


Recall the smallest structure (smallest number of people) that satisfies all of the above 
conditions, and use it for the following discussion. 


A. 


Give formal definitions of the following structure components: 


Set of people (give arbitrary names to distinguish them), P 

Set of lawyers, L 

Set of doctors, D 

Set of mad people, M [try to give the most compact representation of this] 
Relation “sues”, S 


For every pair of sets discussed in Question A (i.e., P, L, D, and M, not including the relation 
S), give a formal representation to describe the relation between them (e.g., using €, C, =, 
and their variations, as well as the use of set operations as a part of the representation). For 
example, can you say that L c D and/or LA M= ©? 


Give the “type” (as introduced in class, but not in the textbook) of the relation S. 


. Formally represent that one person does not sue anyone, referring to the relation S. 


Hint: The representation (x, y) € S means that x sues y. You must know how negative 
information is represented in the relation. 


Would it be possible to consider the set M as a unary relation? Explain. 


Exercise 2: Electronic Map 


Consider the following cities shown on the map on 
right (use the abbreviation): Scranton (s), New York 
(n), Harrisburg (A), Philadelphia (p), Atlantic City (a), 
Baltimore (b), Washington D.C. (w). Also consider 
routes between cities (only those shown on the map and 
connecting the specified cities). 


A. 


oS 


iano) 


Ss 


rr OY 


STNEW YORK 


Give a formal representation of the map as a 
structure consisting of two components: (1) set of 
cities, C, and (2) routing relation (between two 
cities), R. 


Note: Recall that pairs are directional. Naturally, you must allow travel between two cities in 
both directions. 


Is the relation R reflexive, irreflexive, or non-reflexive? Explain. 


Is the relation R symmetric, antisymmetric, or non-symmetric? Explain. 


. Is the relation R transitive or non-transitive? Explain. 


Create the smallest subset S of R so that travel from any city in C to any other city in C is 
possible by following the routes in S. 


Is the relation S symmetric, antisymmetric, or non-symmetric? Explain. 


. Consider T= R—S. Would it be possible to travel from any city in C to any other city in C 


by following the routes in 7? Explain. 


Exercise 3: Pairs and n-Tuples as Set 


Note: This is a slightly advanced question. A reasonable attempt will be considered as 
completion of this exercise. 


A. 


Recall the definition of relation as a set of pairs/n-tuples. If pairs and n-tuples can be 
represented as a set, relation can be defined using sets, not referring to pairs/n-tuples. Either 
(1) come up with your own idea about how to do this or (2) find the way in the literature 
(including web search) and then justify that your representation satisfies the properties of 
relation (i.e., combines multiple objects and ordering is important). 


[For this question, assume that you have an answer to Question A.] Discuss the consequence 
of the answer to Question A. Recall Unit B2 summary exercise. 


<End> 


Review Questions 


Formally represent the following 

* B has all the elements in A. 

* Ahas no elements in B. 
Set of elements in both A and B. 
Some humans (H) are clubby (C). 
Clubby animals that are not humans. 


There are animals (A) that are neither 
human nor clubby animals. 
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Section 1 


Unary Numeric Functions 


* factorial n!:nx(n—-1)x(n-2)x...X2X1 
* floor |x|: The greatest integer <x 


* ceiling |x|: The smallest integer > x 
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Non-Numeric Functions 


¢ ASCII values 
—‘a > 97 
—‘b’ > 98 
etc. 

* Morse code 
‘aot 


il ee 
etc. 
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B3: Functions 


Today 
* Formally represent functions and use them 
to analyze phenomena 
— Formally represent a function 
— Basic properties of function 
— Representing board games 
* Take-home exercises 


— Corporate organization, Virtual pet, Board 
game 


n-ary Numeric Functions 


* remainder m mod n: The remainder when 
mis divided by 7 (binary) 


* Solutions of a quadratic equation 


ax? + bx+c=0 
a —b+b* —4ac 
(ternary) 2a 
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Formal Definition (Unary) 


* ascii = {(‘a’, 97), (‘b’, 98), ...} 
¢ factorial = {(0, 1), C, 1, (2, 2), (3, 6), ...} 

= {(x, y)|y=xx(@-1) x (@-2)x...x2x 1} 
¢ floor 

= {(0, 0), (0.1, 0), ..., (0.9999, 0), (1, 1), ...} 

= {(x, y) | y is the greatest integer such that y < x} 
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Formal Definition (Binary) 
* remainder cf. ternary relation: 


= {((0, 2), 0), (C1, 2), 1), ((2, 2), 0), ...} 
= {((x, y), 2) | zis the remainder of dividing x by y} 
* Notes 


— Input and output are represented as elements of 
the input-output pair. 

— If the input consists of multiple objects, it is 
represented as a pair/n-tuple (embedded in the 
input-output pair). 
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Function Type 


¢ Unary function f from set A to set B 


-fA-B 
cf.R:AxB e5) 


* Binary function g from Cartesian sets A 
and B to set C 
-g AxBoOC ‘Schematic? 


* n-ary function (analogous) 
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Function, Formally 


¢ Unary function: Special kind of binary 
relation fc A x B where: 
— For every ae A, there is exactly one b such 
that f(a)=b. Type: fA > B 
¢ Binary function: Special kind of ternary 
relation g c (A x B) x C where: 


— For every (a, b) ¢ A xB, there is exactly one c 
such that g(a, b)=c. Type: g:AxB3C 


* n-ary function: Special kind of (7 + 1)-ary relation 


cscot0 1 O-ary functions? 


Function vs. Relation 


* Very similar representation, but 


—Functions have clear separation 
between input and output. 
—Functions often represent operations. 
—Use of function = Results in an object 
* E.g., set operation returns a set 
— Use of relation = Results in true/false 
* E.g., set relation means true/false 
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Using Functions 


Unary function fA > B 
—f={@ d), ...} 

-@bjef 

— f(a) = b [commonly used in math] 
Binary function g: A x B>C 
—&§={(@, b), ©), ...} 

— (a,b), oe g 

— g(a, b)=b 
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Section Summary 


Function is a special case of relation. 


Function must map ail/ the elements in the 
input set. 


Function must map every element fo 
exactly one element in the output set. 


Function type: e.g., f A> B 
Function definition: e.g., f= {(a, b), ...} 
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Group Exercise 


. Define a function succ that adds 1 to the 
given natural number (N = the set of 
natural numbers). 

. Explain why succ is a function. 

. Formally represent that 2 is the result of 
applying succ twice to 0. 


. Can you define a function prev that 
subtracts 1 from the given natural 
number? Explain. 
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Properties of Function 


Function f: A > B 

* Surjective/Onto: For every be B, there is 
at least one ae A such that (a, b) € f 

* Injective/One-to-one: For every be B, 
there is at most oneae A such that (a, b) 
ef 

* Bijective: Both surjective and injective 
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Inverse of a Relation 


* Inverse of RCA xB: {(b, a)| (a, b) € R} 
— Notation: Ro! 
¢ Example 
—A= {a, b}, B= {1, 2, 3} 
-R={ (a, 1), (a, 3), 
(b, 2) } 


-R'={(1,@, Ga), ef. complement, R’ 
(2, b) } 
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Inverse Functions 


¢ Movement of a board game 
e f(x) =2x4+1 

* g(x) =2* 

© h(x) =x(x+ 1)(x- 1) 


* i(x) = sin x 
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Group Exercise 


* Are the following functions surjective, 
injective, or bijective? 
A. f(x) =sin x 
B. g(x) =x sinx 
C. h(n) = 2n[n € the set of natural numbers] 
D. i(x) = 2x [x € the set of real numbers] 
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Inverse of a Function 


Definition/notation same as for relations 
Warning: The inverse of a function may or 
may not be a function (still a relation). 

— Must cover all the input 

— Must have a unique output 

Examples 

—f(x) =x +2, fl) =x-2 

—f(x) =x’, f(x) does not exist 
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Section Summary 


* The properties, surjective, injective, and 
bijective, can be used for classifying 
functions and also for identifying the 
applicability of inverse. 


* Only bijective functions have their 
inverses. 
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Section 3 


Board Games 


* Example: Chess board 
— Side = {1, 2, ..., 8} 
— Board =? 
© FUNction move jay = 
* Function use examples 


= 9 
mo Ve pawn 7 
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Composition & Tuple-valued function 


Board Games 


* Example: Chess board 
— Side = {1, 2, ..., 8} 
— Board = Side x Side 8 
* Function move,a., = {((7, 1), (6, 1)), (7, 2), 
(6, 2)), ...} input output 
¢ Examples 
= MOVE yay»(7, 1) = (6, 1) 


= MOVE yayn(MOVE yayy(7 1)) = (5, 1) 
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Group Exercise 


To represent the position of a hurricane at a 
specific time as a function h. 


— Time: Use the number of seconds after the hurricane 
is born. 


— Position: Use latitude and longitude (as real numbers, 
R). 


Identify the “type” of h. 

Define h for some hypothetical scenario. 
Classify h: surjective, injective, bijective? 
Does h have an inverse? 
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Composition 


* Given f: A > B and g: BC, the function 
from A to C {(a, c) | there is b € B such that 
fla) = b and g(b) = c} 

— Notation: g of “Schematic? 

* Examples 
—(succ o succ)(0) = succ?(0) = succ(succ(0)) 
— fix) = 2x, g(x) =x + 1, (gof (x) = (fa) 


=2x+1 
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Section Summary 


* Function outputs can be an n-iuple. 
¢ Where the input/output interface is 


appropriate, functions can be composed to 
obtain a complex function. 
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Summary Exercise 


¢ For what would you use function 
composition? 
— Hint: Informally, what does it correspond to? 
* Questions/Comments/Suggestions 
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Unit B3: Functions, 9/30/03 


Exercise 1: Corporate Organization 


Consider a small organization consisting of the following members: 


e 1CEO 
e 2 managers 
e 3 staff members 


We know that this organization has a common sense reporting structure and that the CEO and 
both manager have at least one subordinate. 


A. Give formal definitions of the following structure components that would be consistent with 
the information given above: 


Set of people (give arbitrary names to distinguish them), P 
Set of CEO’s, C 

Set of managers, M 

Set of staff members, S 

Relation “reports to”, R 


B. Would it be possible to define R as a function? If yes, give a formal definition (call it 
reportsTo). If no, explain. 


C. Consider the opposite of “reports to”, 1.e., “supervises”. (i) Can this be a relation? (i1) Can 
this be a function? Explain. 


D. We know that the CEO earns at least $20,000, a manager, at least $30,000, and a staff 
member, at least $40,000. Assuming that their salary figures can be represented as a natural 
number, we also consider the set of natural numbers, N, as a part of the structure. To 
represent the salary information, we define a function, salary. Give the “type” of the 
function salary (as discussed in class). Then, define the function that would contain the 
complete information about the members’ salaries (use arbitrary figures that are consistent 
with the given condition). 


E. Does your function salary have an inverse? Would such a function in general have an 
inverse? Explain. 


Exercise 2: Virtual Pet 


In the behaviorist tradition of psychology, even human behavior was viewed in terms of a 
stimulus-response model. Although that tradition is no longer the mainstream in modern 
psychology, the idea is still useful to model, say, a virtual pet. In this exercise, we model our 
virtual pet, LazyBoy, as a creature that exhibits a simple stimulus-response pattern shown below 
(use abbreviation in your answer). 


Stimuli 
Bison (b) Geisha (g) | Wormhole (w) 
Puzzled (p) | Puzzled (p) | Happy (h) | Mad (m) 
Siniee Happy (1) | Mad (m) Puzzled (p) | Sleepy (s) 
Mad (m) Happy (1) | Mad (m) Puzzled (p) 
Sleepy (s) Sleepy (s) 


For example, when LazyBoy is happy and see a bison, it becomes mad; when it is sleepy, 
regardless of the stimulus, it stays sleepy. This is an awfully simple model, but you could 
imagine that many aspects of publicly-available virtual pets and other games have some 
component built on this idea. 


A. 


Give formal definitions of the following structure components that would characterize the 
virtual pet: 


e Set of states, States 
e Set of stimuli, Stimuli 
e Function that characterizes the stimulus-response model of LazyBoy, called behave 


Hint: The function behave is binary, i.e., with two inputs. Refer to lecture slides regarding 
how to define a binary function. 


. Give the “type” of the function behave (as discussed in class). 


Note: Do not use any additional sets. Define the “type” of behave using only the available 
sets. 


Identify whether the function behave is surjective, injective, or bijective. Justify your 
answer. 


. Does the function behave have an inverse? Explain. 


Suppose that the initial state is puzzled. In what state would LazyBoy be in after seeing a 
geisha and a wormhole in that order? Also represent the same state as a result of using the 
function twice from the given initial state. 


Hint: Pay attention to what the function returns. Re-use the return of the function as the input 
of another use of the function. 


[optional] The behavior of certain animals may not be represented as a function. Identify a 
potential problem with the use of a function for this purpose. 


Note: Using complex forms of functions, we could represent a variety of animal behaviors 
reasonably well. For example, since we can define a function with an infinite members, at 
least theoretically, we could make it as precisely as we want. Since we can define an n-ary 
function with all sorts of conditions as input, we could characterize an arbitrarily complex 


behavior. We could even define a function that simulate probabilistic and nondeterministic 
behaviors (how?). Carefully review the general properties of functions and identify some 
property of animals that goes against them. 


Exercise 3: Board Game 1 4 


The board shown at right can be represented as follows: 1 


e Side = {i|iis an integer and 1<i<4} 
e Board = Side x Side 4 


Let us suppose that there is exactly one game piece but nothing else on the board. The piece can 
move on the board according to the following rule, applied in the specified order: 


If there is a space above, the piece can move up. 

If the above condition fails and there is a space to the right, the piece can move right. 

If the above conditions fail and there is a space below, the piece can move down. 

If the above conditions fail and there is a space to the left, the piece can move to the left. 
If all of the above conditions fail, the piece stays. 


Ot ele 


Hint: With the above information, you can determine the next position for every board position. 
We will represent the movement of the piece as function m. 
A. Give the “type” of the function m (as discussed in class). 


B. Give a formal definition of the function m. Use the list notation. Do not refer to any of the 
conditions. 


C. Suppose that the piece is currently located at (1, 1). After 5 moves, where would the piece be 
located? 


D. Suppose that the piece is currently located at (2, 4). Formally represent the position after 3 
moves, as an instance of function composition. Do not directly state the position of m. 


Hint: Pay attention to what the function returns. Can you re-use the return of the function? 


<End> 


Unit B3 Exercises: Supplemental Notes, 10/6/03 


Exercise 1: Corporate Organization 
A. Suppose that you answered to this part as follows: 


P=CUMUS 
C= {c} 

M= {m,n} 
S= {s, t, u} 


R= {(s, m), (¢, m), (u, n), (m, c), (n, c)} 


B. If you answered NO to this part saying that R is not one-to-one, that is a wrong answer. 
Recall that one-to-one is the same thing as injective. This is a property of a function. Before 
being able to check injectiveness, you must check whether the relation is a function. This R 
is actually not a function for another reason. The key is that c does not report to anyone. 
Thus, not all the input elements are mapped. 


As I said in class, when you check the two conditions for a relation to be a function, you 
must check the arrows going out of the input set. For example, for f: A — B, A is the input 
set. To check whether R: P x P is a function, the input and the output set are the same. But 
you still focus on the outgoing parts of the arrows. If there is at least one element that does 
not have an arrow, it’s not a function. If there is at least one element that has two arrows 
going out, it’s not a function either. However, it does not matter how the output set is 
mapped (or even not mapped). 


Once you know that the relation is a function, then, you can analyze function properties such 
as surjectiveness and injectiveness. To analyze these properties, you focus on the output set. 


<End> 


Mini Project (Phase 1) 


Due at the beginning of Module B Evaluation Type of a relation? {e9., 82 Ext-c] 
NOMIESHOR Ss How to justify properties of a relation? 
Choose an object/phenomenon unique to you. — Reflexive: For every ae A, (a, a) € Rholds. 
Informally describe the logic-structure a 

; = : : R, (b, R 
connection involving the object/phenomenon. ee Penavaiyta t) orale 
No length requirement. Must be word- — Antisymmetric: If both (a, b) € Rand (b, a) € R 
processed (except diagrams). hold, a= b. [Le., cannot have both unless a = 5] 
Self-evaluation: 1 pt if requirements satisfied. — Transitive: For every (a, b) € R and (b,c) € R, 


Read projet page aaa 
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Review Questions 
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Section 1 


B4: Structures Defining a Structure 


Today 
* Formally represent structures and use 
them to analyze phenomena 
— Formally represent a structure 
— Overview of structure classification 
— Structures for language acquisition 
* Take-home exercises 
— Human body, El Capitan 


¢ How to organize structure components to 
define a structure? 


— Multiple structure components 
— Helpful for comparing multiple structures 


CMSC210 B4 CMSC210 B4 


Structure Levels of Structure Definition 


¢ An n-tuple involving sets, relations, and 
functions. 


Complete definition 


wees — All structure components are completely define. 
* Convention (in this course) 7 Ea Se inthe pee slide 
— Structure name in Roman bold, e.g., Structure Definition of a collection of structures 


— Some structure components show only types but no 
» Example actual definitions. 
— Max = (R, max) — E.g., RealBinaryOp = (R, op) 
R = the set of real numbers 
op:R xR—R___ type, but no function definition 
max = {((x, y), z) |ifx > y, z=x; otherwise z= y} ¢ Max is an instance of RealBinaryOp. 
CMSC210 B4 5 function definition 


R = the set of real numbers - set 
max: Rx R— R___ function type 
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6 


Section Summary 


Structure definition 

— Name = n-tuple 

— Structure component definition and types 
Degree of structure definition 

— Complete 

— Definition of a class 
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Section 2 


Structure Classification 


* Operational structures 
— Involves sets and functions, but no relations 
—E.g., Max, PrimitiveCount, Strings 

¢ Relational structures 
— Involves sets and relations, but no functions 
—E.g., Graph, (R, <), Professionals 

* Hybrid structures 
— Involves sets, relations, and functions 
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Section Summary 


¢ Broad classification 
— Operational, relational, hybrid 
* Fine-tuned classification 
— Based on properties of relation/function 
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Group Exercise 


* Completely define a structure 
(NorthPole) to represent North Pole (as 
we discussed in class/exercises) 

Set of Santa Claus, S 

Set of reindeer, R 

Set of objects, O (define this concisely!) 
Relation “carries”, carries 
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Fine-Tuned Classification 


* Operational structures 
— Properties of function/operation: surjective, 
injective, bijective 
— Properties of binary function/operation: 
associative, identity element, commutativity 
¢ Relational structures 


— Properties of relation: reflexivity, symmetry, 
transitivity 
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Group Exercise 


. Define a structure (Org) to represent a 


corporate organization aes 


. ls Org an operational, relational, or 
hybrid structure? 


. What kind of properties does the 
relation/function possess? 
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Section 3 


Modeling Language Acquisition 12 Months: Objects 


* Very rough language acquisition process * Lang,, = (Objects) 
— 12 months: objects (mommy, daddy, etc.) * Objects = {i, m, d, f, g, t, u, v} 
— 15 months: common nouns (toy, food, etc.) 
— 18 months: two-word sentences 
— 24 months: three-word sentences 
— After that 
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15 Months: Common Nouns 18 Months: Two Words 


¢ Lang,; = (Objects, Food, Toy, Mad) ee ¢ Lang,, = (Objects, Food, Toy, Mad) 
* Objects = {i, m, d, f, g, t, u, v} * Objects = {i, m, d, f, g, t, u, v} 
* Food = {f, g} * Food = {f, g} 


-Toy={tuv) *Toy={tuv) a 
° Mad = {d} ¢ Mad = {d} ¢ fis Food 


Common nouns as set English‘is'as‘e’ * @'S Mad 
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24 Months: Three Words After That 


Lang,, = (Objects, Food, Toy, Mad, PlayWith) Use of function? 
Objects = {i, m, d, f, g, t, u, v} Adjectives? 
Food = {f, g} °m Relative clauses? 


Toy = {t, u, v} : ee q Logical words: and, or, if, ...? 
Mad = {d} Ma ae Ambiguity? 

° i PlayWith t 

PlayWith = {(i, t), (d, f)} * d PlayWith f Understanding and generation? 
PlayWith: Objects x Objects ° iPlay with f 
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B2 Ex3: Pair as a Set 


Conditions 

* (a, b) # (b, a) 

* (a, b)=(c, d) & (a=c and b=d) 
* (a,a)#(a)#a 


n-tuples in general ... 
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Summary Exercise 


« Are you ready to do today’s take-home 
exercises? 


— If yes, very briefly explain how you got all the 
necessary information, techniques, etc.? 


— If no, what do you need to do? 
¢ Questions/Comments/Suggestions 
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Unit B4: Structures, 10/3/03 


Exercise 1: Human Body 

Formally define a structure (call it HumanBody) that would represent two complete human 
bodies. Naturally, you need to include complete formal definitions of all the structure 
components. For relations and functions, you must also give their “types” (as discussed in 
class). 


Your structure must contain at least the following components: 

Set of eyes, E 

Set of mouths, VM 

Set of heads, 7 

Set of body parts, P 

Set of ID numbers for each individual, JD = {1, 2} 

Function to identify all the body parts with an ID number, identifiedAs 
Irreflexive and antisymmetric relation to represent body part attachment, attach 


Furthermore, add at least one more structure component (relation or function), to make your 
structure unique to you. If your additional relation or function involves a set not already defined, 
you must also add necessary set(s) so that your structure definition is complete. 


Note: Format your structure as follows: 


HumanBody = (... ) 
Types and definitions of structure components 


Exercise 2: E] Capitan 


El Capitan in Yosemite National Park is an incredible rock 
climbing site. It is three times taller than the Empire State 
Building, and people may spend a week hanging on the rock. If 
you are interested in, there are a number of routes available to 
follow, thanks to earlier climbers. On the photo at right, these 
routes appears as if they were on a flat surface, but to be precise, 
all these routes must be mapped in a 3 dimensional space. In this 
exercise, you will represent routes on El Capitan. The important 
point is that you must be able to represent routes that may grow 
in any direction in 3D. You must contain all the necessary 
structure components: set(s), relation(s), and/or function(s). For 
relations/functions, give their “types.” Since you do not have 
real data, it is not possible to define the structure components that would reflect the reality. For 
this exercise, make up your own data. Demonstrate that your structure could represent even all 
the routes on El Capitan, if you are given real data. 


Requirements/Instructions: 


e Call the structure ElCapitan. 
Your structure must contain sufficient information for us to be able construct a 3D model of 
the routes on El Capitan. 

e Try to limit the number of structure components to the minimum. For example, do not 
include information such as rock type (including hardness), availability of shade, existence of 
a bird nest, although some of these may be important for climbers. 


<End> 


Streets of Philadelphia 


| Can you avoid a ticket? 


System Description 


The system is in multiuser state if and only if 
. Parking your car to the itis operating normally. If the system is 
right of the pole at 2 operating normally, the kernel is functioning. 
PM on Friday The kernel is not functioning or the system is 
_ Waiting for your friend in interrupt mode. If the system is not in 
at the right of the pole multiuser state, then it is in interrupt mode. 
at 5 PM on Saturday The system is not in interrupt mode. 
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Two Main Types of Logic B5: Propositional Logic 


Today 
* Understand how to use propositional logic 
— Symbols/Syntax 
— Semantics 
— Proofs 
* Take-home exercises 
— System description, Street sign, Analysis of 


Propositional logic [today] 


— Can express true/false statements and their 
combinations — E.g., The system is in multiuser state. 


— Basic component of first-order logic 
First-order logic (FOL) [next lecture] 

— Can express quantifiers: “every”, “some” 
— Can specify structures 


CMSC210 BS 3 


oP 
Can be easy or challenging, depending your previous experience: 
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Section 1 


Building Blocks 


* Proposition: A statement that is either true 
or false (i.e., truth value) 
—E.g., “itis raining”, “there is no class” — Propositional variables 
* Symbols “Ron-propositions? * Complex wff's 
— Propositional variables: p, q, r, ... — Adding — in front of a wff 9, i.e., (49) 
— Connectives: Unary: —, Binary: a, v, >, © 


— Combining two wff’s @ and y, using binary 
+ Syntax: how to combine these symbols conneciives: (Oa W (p ¥ ¥), (OY). (oes W) 
-E.g., (p44), py 9,0? > 9) > > vn) 


— Repeated application of these processes 


CMSC210 BS 


5 CMSC210 BS 6 


Well-Formed Formula (wff) 


¢ Legal statements in propositional logic 


¢ Primitive wff’s 


Exercise 


Identify wff's and non-wff’s 


. p + Primitive wff's 
— Propositional variables 

=p) + Complex wif's 
— Adding — in front of a wff 9, i.e., (4@) 
— Combining two wff's 9 and wy, using 
. p74 binary connectives: (9 Ay), (@v Y), 

@>y)Qey) 

- D7Wqd — Repeated application of these 


i =p Vv q processes 
- @r-g-Cvp)-@vn) 
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- — 7p 


Section 2 


Semantics 


« Assignment (of a propositional variable): 
Function that maps the set of variables to 
{T, F}, T for ‘true’ and F for ‘false’ 


* Interpretation: The semantics of the logic 
proper, i.e., meaning of logical connectives 
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Connective Names 


* xp: Negation (not) 

* p Ag: Conjunction (and) 

° pv q: Disjunction (or) 

* p > q: Conditional (if) 

* p © q: Biconditional (if and only if or iff) 
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Section Summary 


* Propositional variables represent true/false 
statements. 


* The syntax of propositional logic is a 
specific way of combining propositional 
variables using connectives. 
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Truth Table 


* Tabular representation of truth value 
computation 
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Special Cases 


¢ Tautology: A wff that is true regardless of 
the truth assignment to variables. 
—E.g., pv —p 

* Contradiction: A wff that is false 
regardless of the truth assignment to 
variables. 


—E.g.,p A—p 


CMSC210 BS 


A. Evaluate the truth value of the following 


* Consistent: Some truth value assignment 


Group Exercise 


wff when p, g, r are all F: 
(=p > QA CPpvnr) 


. Determine whether the following wff’s are 
tautology (always true), contradiction (always 


false), or neither: 
B1:(Apvqg) <8 Cpa-9) 
B2: =p vq) v @v 79g) 
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Use as reference 


Analysis Techniques (2) 


Use of equivalence 
* —79 is equivalent to » 
"evYeyve 
"PAYS YAQ 
79 vy) 79 A 7 
79 AW) 79 Vv 7 
AVY SQryV ‘~' shorthand 
POYVS(QrOWAW> 9) ‘e9" shorthand 


"9? Vo W776 ‘contrapositive’ 
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double negation 


commutativity 


‘De Morgan’ 


Set of Statements 


makes a// statements true. 
Not consistent 

© Inconsistent 

& contradictory 


No truth value assignment makes al/ 
statements true. 
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Use as reference 


Analysis Techniques (1) 


* Identify special conditions on subformulas 


* eA w: To be T, both @ and y must be T 

* gv w: To be F, both » and w must be F 

* @— vy: To be F, must be T and w must be F 
* @oy: To be T, o and y must agree 


¢ Using a new formula without affecting 


value 
* If gis T, pv wand yv @ must be T for any y 
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System Description, Analyzed 
Logically make sense = Consistent 


System description: The system is in 
multiuser state (m) if and only if it is operating 
normally (0). If the system is operating normally 
(0), the kernel is functioning (f). The kernel is 
not functioning (7) or the system is in interrupt 
mode (i). If the system is not in multiuser state 
(—m), then it is in interrupt mode (i). The system 
is not in interrupt mode (-i). 
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System Description, Formally 


moo System description: 
1. The system is in multiuser state (m) if and 
oO wf only if itis operating normally (0). 
a 2. If the system is operating normally (0), the 
Svi kernel is functioning (/). 
=m 31 3. The kernel is not functioning (-/) or the 
system is in interrupt mode (i). 
ai . If the system is not in multiuser state 
(=m), then it is in interrupt mode (i). 
. The system is not in interrupt mode (—i). 
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Section Summary 


The semantics of propositional logic is 
based on interpretation and assignment. 
In general, the brute-force approach of 
trying all possible truth value combinations 
is too tedious. 


— Try to find easier (still complete) analysis by 
using cases and equivalences 
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Overview: Proof Structure 


Hypothesis: 0 > f, 0 
Proof of f from the above hypothesis 


1. 
2. 0 


2.7 


of [hyp] 


[hyp] 
[MP: 1, 2] 


+ If the system is operating normally (0), 
the kernel is functioning (/). 
+ The system is operating normally (0). 
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Example: Direct Proof 


Hypothesis: m © 0, =m > i, 7 
Proof of o from the above hypothesis 


1. 


2 
3 
4. 
5. 
6 
7 
8 


=m >i [hyp] 
a> m [contrapositive/double negation: 1] 
ai [hyp] 
m [MP: 2, 3] 
m <0 [hyp] 
(m > 0) A (0 > m) [‘©’ shorthand: 5] 
mo [use of ‘A’: 6] 
0 [MP: 7, 4] 
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Section 3 


Proofs 


In some cases, semantic analysis can be 
tedious. 

Proof is a mechanical procedure that is 
used to derive a conclusion (theorem) 
from a hypothesis. 

Notes 

— Hypothesis: a set of logical statements 


— Proof steps must consist of individually- 
justified steps. 
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Justification for Each Step 


Use of the hypothesis 


Modus Ponens (MP) as a Rule of 
inference: 


— If we have X > Y and X, 
— Conclude Y i eee 
Use of justified equivalence gee reference slide 


— Use of ‘a’/‘v’, commutativity, double negation, 
De Morgan, ‘—’ shorthand, contrapositive, etc. 


Use of already proven statements 
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+ If the system is operating 
normally (0), the kernel is 
functioning (/). 


Example: Proof by Cases 


Hypothesis: none 
Proof of (=p v g) v (p v 79g) [from empty hypothesis] 


1. 


2 
3 
4 
5: 
6 
A 
8 


Case 1:-pvq [hyp] 
| (pv gy (py 79) [use of ‘v’: 1] 
Case 2: =(-p v q) [hyp] 
|PAnq [De Morgan/double neg: 2] 
|p [use of ‘A’: 4] 
Ipv7q [use of ‘v’: 5] 
| (pvyqgv@v-74@) [use of ‘v’: 6] 
(wv av @v-9) [exhaustive cases: 1-2, 3-7] 
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System Description, Revisited 


Hypothesis: m © 0,0 > f, =f vi, am > i, i 
Proof of F from the above hypothesis 
1. [Theorem (a few slides ago)] 


[contradiction: 6,7] 
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Proof Methods Summary 


¢ Direct proof: Straightforward proof of a 
conclusion from hypotheses (if any) 
— Proof by cases: Prove exclusive and exhaustive 
cases separately 
* Indirect proof: Uses a proof of a proposition 
different from the conclusion 


— Proof by contradiction: Assume the negation of the 
conclusion and derive a contradiction 


— Proof by contrapositive: To prove p > q, prove -q > 
=p [application of a tautology: (p > g) = (=q > -=7p)] 
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Proofs in Practice 


Guidelines 


— Find an appropriate proof method, e.g., proof 
by cases, proof by contradiction. 

— Structure proofs modularly. l.e., prove 
lemmas to shorten the main proof. 

— Label every step. 

— Write justification for each step. |.e., refer to 
hypothesis, rules of inference, lemmas, 
theorems, and derived steps used in the 
justification. 
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Example: Proof by Contradiction 


Hypothesis: m <> 0, =m > i, =i 

Proof of m from the above hypothesis 
1 [hyp] 
2 [hyp to be rejected] 
3 [MP: 1, 2] 
4. |7i [hyp] 
5 [contradiction: 3, 5] 
6 [proof by contradiction: 2-5] 
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Special Theorems 


* Corollary: A theorem that can be derived 
from another theorem ‘easily’ 


¢ Lemma: A preliminary theorem that is 
used to prove a ‘main’ theorem 
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Example: Informal Proof 


Proof of: A CB iffA NB=B Po 


1 ‘=>’: ifA cB, thenANB=B 

2. |Foreveryxe A,xe B [def: ‘’] 
3. |ANB={x|xe Aandxe B} [def: ‘7] 
4. |{x|xeAandxe B} = {x| xe BY [2, 3] 
5. |B={x|xe B} [def: set] 
6. |ANB=B [set identity: 4, 5] 
7 ‘=ifA A B=B,thenAcB 

8. | analogous 

9. ACBiffANnB=B [both directions of ‘iff’: 1-6, 7-8] 
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Example: Non-Proof Section Summary 


Statement: “God exists” * In propositional logic, we can prove any 
Proof attempt true theorem. 
1. The word ‘God’ exists. [any dictionary] — This is based on the truth-preserving nature of 
2. | Suppose that God does not exists. [hyp] the proof procedure. 
3. | Then there must not be the word ‘God’. [2] * Depending on the problem, choose either 
4. | Acontradiction. (1, 3] semantic analysis (Section 2) or proof 
5. Therefore, God exists. [proof by contradiction: 2-4] (Section 3) 

— Occasionally, one is either than the other. 
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Summary Exercise 


* Depending on your previous experience 
with logic, this unit may have been difficult. 
Describe your situation. 


* Questions/Comments/Suggestions 
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Unit B5: Propositional Logic, 10/7/03 


Exercise 1: System Description 


Suppose that you are to deal with the following system description (each statement is given a 
specific propositional variable). 


System description: If the system software is being installed, users cannot access the file 
system. If users can access the file system, then they can save new files. If users cannot save 
new files, then the system software is not being installed. 


A. Identify propositions in the above system description and assign them single alphabetic 
characters. For example, you can assign i to “the system software is being installed.” 


B. Formally represent all the logical statements in the system description and list them with 
sequential numbers starting from | (as done in class). 


Hint: One sentence corresponds to one statement. But a statement may involve multiple 
“propositions” combined by “connectives.” 


C. Is the system description consistent? Justify, based on an assignment of truth values. That 
is, if you can find some truth assignments (for all the propositional variables) that would 
make all the statements true. 


Hint: Take advantage of the semantics of ‘>’. 


D. Connect all the statements listed in Question B using ‘A’. Is the resulting statement a 
tautology? Explain. 


E. In addition to the system description, also consider the following statement as part of the 
hypothesis for this problem: “the system software is being installed.” Prove that “users can 
save new files” by filling in the following proof pattern (partially completed). 


ls 3 [hyp] < The additional hypothesis 

2. [hyp] < One of the available statements 
3, [ ] <= See “Analysis Techniques” slides 
4. [MP: 1,3] < The conclusion 


F. Repeat Question BE using “proof by contradiction” using the following proof pattern. 


Li [hyp] 
2. | [hyp to be rejected] 
a [hyp] 
4, || [_ ] 
5, ||F [contradiction: 1, 4] 
6. s [proof by contradiction: 2-5] 


G. In addition to the system description, also consider the following statement as part of the 
hypothesis for this problem: “users cannot save new files.” Prove that “users cannot access 
the file system and the system software is not being installed.” 


Note: The hypothesis of this question is different from that of Questions E and F. 


Exercise 2: Streets of Philadelphia ‘tyou aare) 


The streets of Philadelphia are a good place to boast your 
knowledge of logic. By now, you must be able to interpret 
the street sign at right as a logical statement shown below. 


(left > no) A Cright > (((eve A —sun) > no) a ((day A 


sun) > load)) ) 


If you cannot make the statement true, you are violating the ~ 
regulation. The meaning of the propositional variables “ 
used above are as follows: 


left: Parking to the left of the pole 
right: Parking to the right of the pole 
no: No stopping 

day: Between 7 a.m. and 4 p.m. 

eve: Between 4 p.m. and 6:30 p.m. 
sun: Sunday 

load: Loading only (30 minute limit) 


Spending a lot of time looking at the sign, we notice that on Sunday, we can park to the right of 
the pole without problem. This suggests that the subexpression “((eve A —sun) > no) A ((day A 


—sun) > load)” can be transformed into an equivalent form “sun v ((eve — no) A (day > 


load))”. 


A. Asa preliminary step, justify that x v (y A z) is equivalent to (x v y) A (x v z). This is called 
“distributivity.” 


Note: You may analyze all possible truth value assignments (easier, but tedious) or prove it 
formally (more challenging). 


B. Consider “sun v ((eve — no) A (day > load))” as the hypothesis and prove “((eve A —sun) 


— no) A ((day A asun) > load).” 


Hint: See “Analysis Techniques” slides and also use “distributivity” justified in Question A 
above. 


Exercise 3: Conditional ‘—’ 


First, review the truth table entry for ‘>’. In class, you were told to accept this as given. 
However, some of you may still wonder why. We will investigate this point. 


Let us consider the following four possibilities, labeled #1 through #4. These possibilities will 
be discussed in the questions that follow. 


P| q pq 

| #2 | 8 | #4 
ee: T T T 
T[F[F F F F 
F/T/| T | T F F 
F[F| T | F T F 


A. Some of these possibilities would be identical to the value of one of the propositional 
variable or some other connective. Analyze each case: #1, #2, #3, and #4. Would it make 
sense to use *—>’ if there is another way to represent it? 


B. Although connectives ‘A’, ‘v’, and ‘<>’ are all commutative, ‘“—’ is not. That is, the 
interpretations for p — q and q — p are not necessarily the same. For example, the following 
two sentences should not have the same truth conditions: (i) “if Joe is married, he is over 21”, 
(11) “if Joe is over 21, he is married”. Which of the four possibilities (#1, #2, #3, or #4) is/are 
not commutative (1.e., candidates for “—’)? 


C. One type of reasoning we commonly use is “contrapositive.” For example, in order to 
analyze “if Joe is married, he is over 21”, we can equivalently analyze “if Joe is not over 21, 
he is not married”. Which one of the four possibilities (#1, #2, #3, or #4) would make sense 
with respect to contrapositive? 


D. Consider the following sentence: “all married people are over 21” (no formalization covered 
yet). Now, if nobody is married, we still consider the statement true (vacuously). Which 
interpretation (#1, #2, #3, or #4) would correspond to this analysis? 

E. Considering all of the above, only one interpretation satisfies all the desirable properties. 


Which interpretation of ‘—’ would you consider most appropriate for logical analysis? 


<End> 


Unit B5: Supplemental Notes, 10/7/03 


Note: This applies only to Section 1 (i.e., the 9:30 a.m. class), in which I had trouble explaining 
one problem of a group exercise. 


In-Class Group Exercise 

Determine whether the following wff is tautology (always true), contradiction (always false), or 
neither: 

B2: (—=p Vv q) Vv (p V 77g) 


Answer: 

(a) A conservative, but tedious way to analyze this is to check all the four truth assignments for 
the propositional variables. This should show that the wff is a tautology. 

(b) A simpler way to show that the wff is a tautology is as follows. The formula can be rewritten 
as (p > q) Vv (¢ > p), by applying the equivalence ~X v Y= X—> YandX vY@YvX. Then, 
in order for the entire wff to be false, at least one of p > q and gq > p must be false. The only 
way to make p — gq false is to set p = T and g = F. However, this will make g > p true. Thus, 
the wff cannot be false. 


<End> 


Module B Evaluation Workshop Two Types of Logic 


+ Fri., Oct. 17, class time (one week from today) 

+ Review the relevant part of the syllabus and the on-line handbook 

+ Re-use your manila folder or large envelope (or prepare one) 

* Complete and bring “Take-Home Exercise Self-Evaluation Form” 
(distributed today) along with exercises 


+ Exercise B6 will be returned that day. Include it in the pile then. 
* Complete and bring “Module B Comprehensive Exercises” ¢ First-order logic (FOL) 


(available on-line) : ; . 7 
+ Group evaluation sessions (open book): 20 min x 3 — Can express “every” and “some 


+ “Comprehensive Exercise Self-Evaluation Forms” will be distributed — Can specify structures 
that day (no need to print in advance) 


+ Submit all materials including mini project at the end of the session “many more types of logic ... 
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Section 1 


B6: First-Order Logic (FOL) Relations [B2] 


Today « Reflexive: For every ae A, (a, a) € R holds. 
* Understand how to use FOL Vac A ((a,a)€ R) 
— Review & preview PO Mee NOT ° Irreflexive: For every ae A, (a, a) € R never 


— Symbols/syntax : antics holds. ‘every, any, All: Vv 
* Take-home exercises esse Vae A ((a,a) ¢ R) 
— Professionals, Mystery structure * Symmetric: For every (a, b) € R,(b,a)e R 


holds. 


Vae AVbe B((a,b)¢ R= (b,a)€ R) 
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Functions (1) [B3] Primitive Counting [A3] 


* Surjective: For every b < B, there is at ¢ Associative: For any x, y,z,(«+y)+z=x+ 
least one ae A such that (a, b) € f. (y +z) 


Vb e Biae A (a,b) € f) Vx Vy Vz(&+y)+Z=x + (y +2)) 
« Identity: There is an element x such that 


at least one, some, a/an, Exists: 3 Eee ARRAS 
Ax Vy (x+y=y+x=y) — guantifier ordering, again 
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Section Summary 


¢ First-Order Logic (FOL) involves 
— Connectives as in propositional logic 
— Quantifiers 
© ‘VY’ for “for AIP 
+ ‘FD for “there Exists” 


* Variables that refer to elements in a set, e.g., x € 
Set 


¢ FOL can express relations, e.g., R, ‘e’, ‘<’ 
* FOL can specify structures, e.g., Professionals 
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Symbols of FOL (1) 


* Connectives: 7, A, v, >, © 
¢ Parentheses: (, ) 
* Individual constants: e.g., 7, m (could 


mean “John” and “Mary’) _ real semantics later 
* Predicate/relation symbols (n-ary): applies 
to n individuals, e.g., k (could mean “kick’) 


* Example —_ elation symbol (syntax) vs. relation (semantics) 


—k(m,j) (could mean “Mary kicks John’) 
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Symbols of FOL (8) 


¢ Function symbols (n-ary): e.g., s (could 
mean “spouse of”) une | 
¢ Equality symbol: ‘=’ 
« Examples 
— km, s(j)) 
— k(s(m), sj) 
— dx (x = s(m)) 
— Vx (Ay (k(x, y) > ky, x))) 
— dx (Vy (& = s(m)) > k(x, y))) 
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Section 2 


First-Order Logic (FOL) 


Logic of individual elements 

— Cf. propositional logic = logic of statements 
Distinctive features 

— Can express relations/functions 

— Can deal with quantifiers: V and 4 

— Can specify structures 
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Symbols of FOL (2) 


* Quantifiers: Universal ‘Vv’; Existential ‘3’ 
* Individual variables: e.g., x, y (may range 
over individuals) 
* Examples 
— Vx k(m, x) “Mary kicks everyone” 
— Vx k(x, j) “Everyone kicks John” 
— Vx (Ay k(x, y)) “Everyone kicks someone” 
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wfif’s and Terms 


wff: Corresponds to a proposition (true/false) 
— Diagnostics: Result of applying 
+ A predicate: e.g., k(j, m) 
+ ‘='1e.9.,7 =s(m) 
* Connectives: e.g., (j = s(m)) A kj, m) 
* ‘V’ and ‘FS’: e.g., ax kj, x) 
Term: Corresponds to an individual (who) 
— Diagnostics: 
* Individual constant/variable: e.g., j, x 
* Result of applying a function: e.g., s(m) 
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Group Exercise 


* Kicking Family 
— Constant symbols: j (“John”), m (“Mary”) 
— Binary predicate symbol: k (“kicks”) 
— Unary function symbol: s (“spouse of”) 
* Express the following in FOL: 
a. “John is not Mary” 
b. “If John kicks Mary, Mary kicks John” 
c.“Everyone kicks everyone” 
d. “If John kicks someone, s/he is his spouse” 


North Pole [A2] 


Reindeer exists. 

Reindeer are not Santa Claus. 

Reindeer must carry someone/something. 
Santa Claus must be carried by reindeer. 


¢ reindeer(_) 
* santa(_) 
* carry(_, _) 
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Preview 
B6 Exercise 1: Professionals 


Everyone is mad. 

There is at /east one doctor. *° mad(_) 

There are at least two lawyers. ° 4ctor(_) 
¢ lawyer(_) 

Doctors are not lawyers. sae 

Lawyers sue everyone. 

Doctors sue back if they are sued. 

¢ There is an individual who does not sue. 

Represent all the statements in FOL. 
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Functions (2) [B3] 


* Injective: For every b € B, there is at most 
one ae A such that (a, b) € f. 
Vb € B-(Ga, € A da, € A (a, #4, A (a, 5) 
Ef) A (a, be f)) 


at most one = not at least two 
at least two: Sa, da, (a, #4) 
at most one: da, da, (a, # ay) & Va, Vay (a, = a) 
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Exercise 


Objects in a Room [Ex A1-1] 


* An object must have another object on top 
of it. 


¢ An object cannot be on top of itself. 


¢ If an object X is on top of another object Y, 
Y cannot be on top of X. 


onTop(_, _) 
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Exercise 


Definition of Limit [Calculus] 
lim f(x)=c 


* For every real number e > 0, there exists a 
real number 6 > 0 such that |f(x) — c| < € 
whenever 0 < |x -—a| < 6. 
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Section Summary Summary Exercise 


* FOL combines terms to form wff's. * Depending on your previous experience 
¢ FOL can represent a wide variety of with logic, this unit may have been difficult. 


conditions, which can be used to specify Describe your situation. 
structures. * Question/Comments/Suggestions 


* In order to analyze the real meaning of 
wff's, we need to know the semantics of 
FOL. 
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Unit B6: First-Order Logic, 10/10/03 


Sample solutions to these exercises will be posted on 10/13/03. But do these problems without 
seeing the solutions. Being able to understand provided solutions is completely different from 

being able to come up with a solution. Even an incomplete or incorrect answer of your own is 

better than understanding someone else’ answer. 


When you start working, you will face all sorts of real-life problems. Most of them are 
challenging, open-ended, and “ill-defined.” You will never see a solution (if there were one, 
why would you be solving it?). In addition, even though you may not know the “correct” or 
“satisfactory” answer, you will still have to estimate where your answer stands (cf. self- 
evaluation in this course). 


Exercise 1: Professionals 
Represent in FOL all of the following statements from “Professionals.” 


Everyone is mad. 

There is at least one doctor. 

There are at least two lawyers. 

Doctors are not lawyers. 

Lawyers sue everyone. 

Doctors sue back if they are sued. 
There is an individual who does not sue. 


Here are sample basic expressions you can use in your FOL statements: 
e xis mad: mad(x) 

e xis adoctor: doctor(x) 

e xis a lawyer: lawyer(x) 

® x sues y: sue(x, y) 


Note: All the individual variables must be quantified. That is, you should not write “Doctors are 
mad” as “doctor(x) > mad(x)’. Instead, write “Vx (doctor(x) — mad(x))” so that the variable x 
is quantified. 


Exercise 2: Mystery Object 


Here is a list of statements about some mystery object. 


Every A-type object is attached to some object. 

No A-type object can be attached to an A-type object. 
An object rotates if no object is attached to it. 

There is one B-type object with a flat top. 

There are four pieces of A-type objects. 


ae NS 


Here are sample basic expressions you can use in your FOL statements: 


x is an A-type object: a(x) 

x is a B-type object: b(x) 

x has/with a flat top: flatTop(x) 

x rotates: rotate(x) 

x is attached to y: attachedTo(x, y) 


Represent Condition 1 in FOL. 

Hint: Consider the following statement equivalent to the one give above, “for any object x, 
there is some object y such that if x is an A-type object, then x is attached to y.” 

Represent Condition 2 in FOL. 


Hint: Formalize “some A-type object can be attached to an A-type object” and negate the 
whole statement to obtain Condition 2. 


Represent Condition 3 in FOL. 

Hint: “An object” here means “any object.” 

Represent Condition 4 in FOL. 

Hint: “One B-type object” here means “exactly one B-type object.” You may use two 
statements: one to represent “at least one B-type object” and another to represent “at most 
one B-type object.” Note that two statements can always be joined to form a single statement 
using ‘A’. 


Explain how you could represent Condition 5 in FOL. You do not need to show the actual 
statement as it can be very long. 


Hint: “Four pieces” here means “exactly four pieces.” As in 4., you may use two statements. 


[optional] Were you able to guess what the object is? 


<End> 


Unit B6: First-Order Logic, 10/10/03 


Sample solutions to these exercises will be posted on 10/13/03. But do these problems without 
seeing the solutions. Being able to understand provided solutions is completely different from 
being able to come up with a solution. Even an incomplete or incorrect answer of your own is 
better than understanding someone else’ answer. 


When you start working, you will face all sorts of real-life problems. Most of them are 
challenging, open-ended, and “ill-defined.” You will never see a solution (if there were one, 
why would you be solving it?). In addition, even though you may not know the “correct” or 
“satisfactory” answer, you will still have to estimate where your answer stands (cf. self- 
evaluation in this course). 


Exercise 1: Professionals 
Represent in FOL all of the following statements from “Professionals.” 


Everyone is mad. 

There is at least one doctor. 

There are at least two lawyers. 

Doctors are not lawyers. 

Lawyers sue everyone. 

Doctors sue back if they are sued. 
There is an individual who does not sue. 


Here are sample basic expressions you can use in your FOL statements: 
e xis mad: mad(x) 

e xis adoctor: doctor(x) 

e xis a lawyer: lawyer(x) 

® xsues y: sue(x, y) 


Note: All the individual variables must be quantified. That is, you should not write “Doctors are 
mad” as “doctor(x) > mad(x)’. Instead, write “Vx (doctor(x) + mad(x))” so that the variable x 
is quantified. 


Exercise 2: Mystery Object 


Here is a list of statements about some mystery object. 


Pi eas 


Every A-type object is attached to some object. 

No A-type object can be attached to an A-type object. 
An object rotates if no object is attached to it. 

There is one B-type object with a flat top. 

There are four pieces of A-type objects. 


Here are sample basic expressions you can use in your FOL statements: 


2. 


3. 


4, 


x is an A-type object: a(x) 

x is a B-type object: b(x) 

x has/with a flat top: flatTop(x) 

x rotates: rotate(x) 

x is attached to y: attachedTo(x, y) 


Represent Condition | in FOL. 


Hint: Consider the following statement equivalent to the one give above, “for any object x, 
there is some object y such that if x is an A-type object, then x is attached to y.” 


Represent Condition 2 in FOL. 


Hint: Formalize “some A-type object can be attached to an A-type object” and negate the 
whole statement to obtain Condition 2. 


Represent Condition 3 in FOL. 


Hint: “An object” here means “any object.” 


Represent Condition 4 in FOL. 


Hint: “One B-type object” here means “exactly one B-type object.” You may use two 
statements: one to represent “at least one B-type object’ and another to represent “‘at most 
one B-type object.” Note that two statements can always be joined to form a single statement 
using ‘A’. 


Answer: 


5. Explain how you could represent Condition 5 in FOL. You do not need to show the actual 
statement as it can be very long. 


Hint: “Four pieces” here means “exactly four pieces.” As in 4., you may use two statements. 


6. [optional] Were you able to guess what the object is? 


<End> 


Unit B6: Supplemental Notes, 10/10/03 


Note: This applies only to Section | (i.e., the 9:30 a.m. class), in which I made a mistake in the 
exercise on North Pole [A2]. 


We discussed a FOL translation of “reindeer are not Santa Claus.” I wrote the formula 
(1) Vx m(reindeer(x) > santa(x)) 


However, it is not correct. ’'m sorry. To analyze it further, let us use some properties of 
connectives (as can be found in the reference slides in B5). 


(2) 1. Vx —(reindeer(x) > santa(x)) [(1) above] 
2 Vx —(nreindeer(x) Vv santa(x)) [‘—’ shorthand: 1.] 
3. Vx (—oreindeer(x) A msanta(x)) [De Morgan: 2.] 
4, Vx (reindeer(x) A —santa(x)) [double negation: 3.] 


That is, (1) is the same as (2) 4. But (2) 4. says that everyone is reindeer and not Santa Claus, 
which is incorrect. 


The correct form must be as follows: 
(3) Vx (reindeer(x) > —santa(x)) 


Note that we can apply ‘—’ to a relation because relations are truth conditional, unlike 
individuals. Then, let us analyze this by using properties of propositional logic. 


(4) 1. Vx (reindeer(x) > —santa(x)) [(3) above] 
2. Vx (mreindeer(x) V ssanta(x)) [‘—’ shorthand: 1.] 
3. Vx —(reindeer(x) A santa(x)) [De Morgan: 2.] 
4. Ax (reindeer(x) A santa(x)) [crossing negation over quantifier (B6): 3.] 


(4) 3. means that there is nothing that is both reindeer and Santa Claus. 


<End> 


Review Questions 


1. How to justify contrapositive? 
1.e., QP Wernyo 7 
2. Prove r > —c from the hypothesis —r? 


3. Prove -r from the hypotheses r > c and 
ac? 
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B5 Use as reference 


Analysis Techniques (2) 


Use of equivalence 
* —79 is equivalent to » double negation 
"PvVoVvo 
"PAW YAO 
=A(@ V W) & AQ A AY 
-A(@ A W) & 7g v mY 
WAVY SoQry ‘—’ shorthand 
POYVS(QrOWAW> 9) ‘e9" shorthand 


"9? Yo W 76 ‘contrapositive’ 
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commutativity 


‘De Morgan’ 


Section 1 


Objects in a Room [A1] 


¢ An object must have another object on top 
of it. 
« An object cannot be on top of itself. 


¢ If an object X is on top of another object Y, 
Y cannot be on top of X. 


onTop(_, _) 
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B5 Use as reference 


Analysis Techniques (1) 


* Identify special conditions on subformulas 
* eA w: To be T, both @ and y must be T 
* gv w: To be F, both » and w must be F 
* @— vy: To be F, must be T and w must be F 
* @oy: To be T, o and y must agree 
¢ Using a new formula without affecting 
value 


* If gis T, pv wand wv @ must be T for any y 
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B7: Logic and Structures 


Today 

¢ Understand how to use FOL to specify 
structure 
— Review FOL symbols/syntax 
— FOL semantics and logic-structure connection 


* B7 Supplemental Exercises with solutions 
available on-line 
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Group Exercise 1 


Natural number arithmetic 

— Constant symbol: 0 

— Unary function symbol: succ 

— Binary function symbol: + 

— Binary relation symbol: < 

Express the following in FOL: 
a.“There is an element < to any element” 
b.“There are at least two elements < 1” 


c. “Between any two consecutive numbers, there exist 
no numbers” 
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Section 2 


Logic-Structure Connection 


Explain? 

— Predicate/relation symbol (FOL) vs. relation 
(structure) 

— Function symbol (FOL) vs. function (structure) 


— Symbol in FOL corresponding to set in 
structure 
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Semantic Components 


* Satisfaction: Relation between structures and 
wff's 
Interpretation: The semantics of the logic proper, 
i.e., logical connectives and other symbols 
Interpretation of user-defined symbols 
Logic Structure 
— Constant symbol c An element in the set 
— Binary function symbol f —_A binary function f 
— Binary predicate symbol p A binary relation p 
(symbols) (more direct representation) 
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Example: Kicking Family 


KF = (Individuals, Kicks, SpouseOf) 

— Individuals = {John, Mary} 

— Kicks = {(John, Mary)} lease 
— SpouseOf = {(John, Mary), (Mary, John)} 
Satisfiable in the above structure? 

bs kG, m) A km, j) j (“John”), m (“Mary”) 
¢ Ax (x = s(m) A k(x, m)) k (“Kicks”) 

+ Vx (kG, x) 3 x =m) s (“SpouseOf’) 

° mdx Vy k(x, y) 
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Overview: FOL Semantics 


wef 


Semantics 


Structure 
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Satisfaction 


¢ Astructure S and a wff f 

— E.g., S = Undividuals, Kicks), f. k(j, m) 

S satisfies f 

= fis true in S 

& fis satisfiable in S 
A structure S and a set of wff's F 

— E.g., S = (Undividuals, Kicks), F = {k(j, m), k(m, j)} 
S satisfies F 
© F specifies $ 
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Semantic Analysis (1) 


* Connectives: 7, A, v, 3, 


— Semantic table (propositional logic) 
+ Individual constants: e.g., 7 (John”), m (“Mary”) 
— Interpretation of the symbol, i.e., some individual 
¢ Predicate/relation symbols (n-ary): applies to 
n individuals, e.g., k(m,j) 


— Whether the relation (in the structure) holds for 
the individuals 


—E.g., k(m,j) is satisfied if (Mary, John) € Kicks 
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Semantic Analysis (2) Semantic Analysis (3) 
* Function symbols (n-ary): e.g., s Universal quantifier and individual variables: e.g., Vx 
— The return value of the function (in the 


— Vx : Whether substitution of every individual to x would 
structure), i.e., some individual satisfy @ 


= . , = — E.g., Vx k(m, x) is satisfied if (Mary, John) € Kicks and 
E.g-, s(m) is John if (Mary, John) € SpouseOf (Mary, Mary) € Kicks (i.e., everyone in Individuals) 
* Equality symbol: = Existential quantifier and individual variables: e.g., x 
= eat the individuals on both sides are — dx g: Whether subsitution of at least one individual to x 
identica 


would satisfy @ 
—E.g., m =s(j) is satisfied if Mary = SpouseOf(John) — E.g., Sx (x = s(m)) is satisfied if John = SpouseOf(Mary) (i.e., 
someone in Individuals) 
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Semantic Analysis (4) Group Exercise 2 


* Complex statements => Analyze top-down 
* Example: Vx dy (x =y) in KF ‘cf. bottom-up 
* Let » be Sy (x =y), and analyze Vx @ 


* Analyze » with every individual for x : dy 
(John = y), Sy (Mary = y) 


¢ KEF2 = (Undividuals, Kicks, SpouseOf) 
— Individuals = {John, Mary} 
— Kicks = {(Mary, Mary), (Mary, John) } 
— SpouseOf = {(John, Mary), (Mary, John) } 


* Satisfiable in the above structure? 
* For each case above (e.g., for John = y), * ax Vy k(x, y) j (‘John”), m (“Mary”) 


k (“Kicks”) 
* Let @ be John = y, and analyze Ay @ * Vx (x = s(m) > Ay k(x, y)) s (“‘SpouseOf’) 
* Find some individual for y: John = John © Vx Vy Vz (k(x, y) A ky, z)) 2 k(x, 2) 
+ This case is satisfied in KF. other case? "Should we check all the possibilities? 
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Constants 


Definition of Limit [Calculus] 


* Constant symbol = 0-ary function symbol 


+ Interpretation: the fixed return value of the 0-ary lim f (x) —— 
function 
* Example 


* For every real number e > 0, there exists a 
— Symbols: j, m 


real number 6 > 0 such that |f(x) — c| < € 


— KF= (Undividuals JM, Kicks, SpouseOf) Often not shown whenever 0 < kx - al <6. 


licitl 
¢ Individuals = {John, Mary} (aang A 
¢ J: = Individuals, M: > Individuals certain 


¢ J = John, M = Mary association) 


— Interpretation: j interpreted as /, m as M 
CMSC210 B7 
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Group Exercise 3 


In the context of Kicking Family, find the 
smallest structure that would satisfy the 
following statements: 


» (Ax k(x, m)) 0 Gx k@,J)) 
J Cohn”), m (“Mary”) 


; W a mt) k (“Kicks”) 
Vx ay (y =s(x)) s (“SpouseOf’) 
Vx Vy Vz ((y = s(x) Az =5(x)) > y =z) 


Vx Vy (y = s(x) > ak(x, y)) | 
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Group Exercise 5 


Find a structure (with necessary components) 

that would satisfy the following statements: 

Vx Vy (x <y > 7(y < x)) P| 

Vx Vy Vz(a% < yay <z)>x <2z) 

Vx a(x < 0) 

Vx Vy (x <yvxay)ox<fly)) 

Vx © #0 Ay w=fly))) 
Constant symbol: 0 
Unary function symbol: f 
Binary relation symbol: < 
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Module B Summary 


¢ Logic-structure connection, formally 

represented 

— We can transform a variety of real-world 
problems into computational problems (formal 
representation). 

— We gain preciseness and conciseness. 

— Easier to tackle the problem mathematically 
or computationally. 
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Group Exercise 4 


In the context of Kicking Family, find the 
smallest structure that would satisfy the 
following statements: John”), m (“Mary”) 
Ax (kj, x) A kam, x)) k (“Kicks”) 

Wx Jy (¥ = 800) AKG) SPEEDY 

Vx vy (K(x, y) Ak, x)) > x =y) ‘name? 
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Section Summary 


* Semantics: Ability to identify the truth 


value of a FOL statement with respect to a 
certain structure 


—A statement is true (in the given structure) if 
the structure satisfies the statement. 


— Otherwise, the statement is false. 


¢ Acollection of statements can be used to 


specify structures (that would satisfy all 
those statements). 
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Module B Evaluation Workshop 


* Fri., Oct. 17, class time (next class) 

+ Review the relevant part of the syllabus and the on-line handbook 
« Re-use your manila folder or large envelope (or prepare one) 

* Complete and bring “Take-Home Exercise Self-Evaluation Form” 


(distributed today) along with exercises 


* Exercise B6 will be returned that day. Include it in the pile then. 
* Complete and bring “Module B Comprehensive Exercises” 


(available on-line) 


* Group evaluation sessions (open book): 20 min x 3 


* “Comprehensive Exercise Self-Evaluation Forms’ will be distributed 
that day (no need to print in advance) 

+ Submit all materials including mini project at the end of the 
session 
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Summary Exercise 


* Find the smallest structure that would 
satisfy the following statement: 


° Ax (x =x) 
* Questions/Comments/Suggestions 
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Unit B7: Supplemental Exercises, 10/13/03 


Notes: 

e You do not need to submit these exercises. However, they may be helpful when you do 
Module B Comprehensive Exercises. Sample solutions are also provided. Use them wisely. 
Being able to understand provided solutions rarely guarantees that you can solve similar 
problems on your own. 

e These exercises must appear out of season because they are from Spring 2003. 


Exercise 1: Spring Break 


The bad news is that your spring break is over. The good news is that you can turn your spring 
break into a more memorable form (i.e., formal representation). First, consider the following 
symbols: 


e Unary predicate/relation symbols: leisure, academic 
e Binary predicate/relation symbol: more Fun 


Let us suppose that the following logical statements would specify your spring break: 


Conditions: 

1. Avdy (leisure(x) A leisure(y) A x # y) 

2. Ax academic(x) 

3. Vx (leisure(x) Vv academic(x)) 

4. VxVy (((leisure(x) A academic(y)) > moreFun(x, y)) 

5. VxVy (leisure(x) A leisure(y)) > —(moreFun(x, y) Vv moreFun(y, x))) 


Consider a structure SpringBreak = (Activities, Leisure, Academic, MoreFun) where 

e Activities contains all sorts of activities, e.g., leisure and academic activities. 

e Leisure and Academic are subsets of Activities, and interpret the unary predicate symbols 
leisure and academic, respectively. For example, /eisure(a) is true if an activity ais a 
member of the set Leisure. 

e MoreFun defines the meaning of the predicate symbol moreFun. E.g., moreFun(a, b) is true 
if (a, b) € moreFun, 1.e., you have more fun with a than with b. 


A. Translate Condition 5 to a statement in plain English. Do not give a literal translation of 
logical symbols. Make your statement as easy as possible even to folks not in this class (of 
course, with exactly the same meaning). 


B. Could there be activities other than leisure or academic? Explain. 


C. Condition 3 alone does not exclude (potentially counterintuitive) possibilities of (1) 
Academic & Leisure and (2) Leisure < Academic, because logical connective ‘v’ is not 
exclusive. Fully analyze both Case 1 and Case 2 with respect to their possibilities, by 
referring to relevant logical statement(s). 


. Formally define all the structure components of the smallest instance of SpringBreak that 


would satisfy all the conditions listed above. For relations/functions, give their types as 
well. 


Note: The smallest structure must contain the least possible number of elements in set(s), 
relation(s), and function(s), where applicable. 


Answers: 

A. All leisure activities are equally fun. 

B. No. Condition 3 specifies that all activities are either leisure or academic. 
C. Case 1 Academic Cc Leisure 


Then, a € Academic is also in Leisure. Then, by Condition 4, a (as a member of Leisure) 
is moreFun than a (as a member of Academic). Although it sounds ridiculous, it does not 
violate most conditions just by itself. But Condition 5 says that all leisure activities are 
equally fun, prohibiting the situation a is moreFun than a as well. thus, this case cannot 
happen. 

Case 2 Leisure c Academic 
Then, / € Leisure is also in Academic. If there are two leisure activities, say /; and lh, 
both of them are also academic activities. But then, these activities can satisfy leisure(l) 
and academic(/2), leading to the situation where /; is more fun than /, by Condition 4. 
This again violates Condition 5. 


. Activities = Leisure U Academic 


Leisure = {l,, lo} 

Academic = {a} 

MoreFun: Activities Xx Activities 
MoreFun = {(l, a), (bs, a)} 


Exercise 2: North Pole (out of season) 


In this problem, we will consider a hypothetical, out-of-season or off-duty north pole 
establishment that can be specified by logical statements involving the following symbols: 


Unary predicate/relation symbols: santa, reindeer 
Binary predicate/relation symbol: feed 


Here are the logical statements: 


Conditions: 


1 
2 
3. 
4, 
ae) 
6 


=x (mreindeer(x) A —santa(x)) 
Ax santa(x) 

Vxdy feed(y, x) 

Vx = feed(x, x) 

Vx (santa(x)  —Ay feed(x, y)) 
VxVy (feed(x, y) > — feed(y, x)) 


Consider a structure NorthPole = (Universe, Santa, Reindeer, Feed) where 


o 


iano) 


m 


Universe contains all sorts of elements, e.g., possibly Santa Claus and reindeer. 

Santa and Reindeer are subsets of Universe, and interpret the unary predicate symbols santa 
and reindeer, respectively. For example, reindeer(a) is true if an object a is a member of set 
Reindeer. 

Feed defines the meaning of the predicate symbol feed, possibly applicable to both Santa 
Claus and reindeer. For example, feed(a, b) is true if (a, b) € feed, i.e., a feeds b. 


. Transform Condition | so that there would be no negation (—) involved in the statement. 


Then, explain Condition 1 based on the transformed form. 
Hint: Review Section 2 of Lecture B6 slides. 
Explain whether there must be at least one reindeer. Refer to relevant condition(s). 


Explain whether there must be at least two reindeer. Refer to relevant condition(s). 


. Explain whether there must be at least three reindeer. Refer to relevant condition(s). 


Formally define all the structure components of the smallest instance of NorthPole that 
would satisfy all the conditions listed above. For relations/functions, give their types as 
well. 


Answers: 


A. 


B. 


Vx (santa(x) Vv reindeer(x)). Any individual in the universe is either Santa Claus or a 
reindeer. 

Yes. There must be at least one Santa Claus (Condition 2). Everyone including the Santa 
Claus must be fed (Condition 3). But nobody including the Santa Claus can feed themselves 
(Condition 4). Furthermore, Santa Claus cannot feed anyone (Condition 5). Thus, there 
must be a reindeer, which can feed the Santa Clause. 

Yes. Again, everyone including the reindeer must be fed (Condition 3). Since the reindeer 
cannot feed itself (Condition 4) and Santa Claus cannot feed reindeer (Condition 5), there 
must be another reindeer. 


. Yes. The two reindeer cannot feed each other (Condition 6). Again, Santa Claus cannot feed 


reindeer (Condition 5). Thus, there must be the third reindeer. 
Universe = Santa U Reindeer 

Santa = {s} 

Reindeer = { dj, do, ds } 

Feed: Universe x Universe 

Feed = {(dj, 8), (do, d1), (ds, d2), (di, ds)} 


<End> 


CMSC210 Module B Comprehensive Exercises, 10/14/03 
Due at the beginning of the class meeting on 10/17/03 


1. “Amida” 


In Japan, there is an ancient form of finding the winner among n players. It’s called “amida” (pronounced 
ah-mee-dah, stress each syllable evenly). The process is shown below. First, for n players, prepare n 
vertical bars, as in (i). Then, each player adds as many horizontal bars as they wish, and the winner is 
arbitrarily associated with one of the other end of the vertical lines, as in (ii). Note that horizontal bars 
must be placed so that there is no intersections shaped like ‘+’. Finally, the winner can be found by 
following the path from the winner position upward to one of the players, moving upward in general 
except when there is a horizontal path, as in (iii). 


(i) Preparing for 4 players (ii) Setting up horizontal bars (iii) Finding the winner 
A BCD A BCD 
ae re 


The above example involves only 4 players. But naturally, it can be extended to as many players as we 
need. Then, it will become more difficult to see the outcome. Behind this simple mechanism, you might 
see some mathematical properties. For example, how can you be sure that there is exactly one winner? Is 
there any winning strategy with respect to placing horizontal bars? Is there any relation between the 
number of bars and how the winner is found? But these are not the questions we discuss in this exercise 
or in this course. We will explore how to represent amida formally (so that you could use the information 
for mathematical analysis, programming, etc.). 


A. Formally represent the amida instance as it appears in the figure (iii) above. Call the structure 
Amida, and identify and completely define its components, including “types” where applicable. 
Make sure that your structure contains the information that is sufficient to recreate the connection 
pattern and decide the winner as in (iii) (no need to scale). Note that your representation must be 
extendable to other instances of amida, given different information. 


Note: Your structure must contain a set Players = {A, B, C, D}. 
B. For each relation/function in your structure Amida (in Question A above), examine the applicability 
of all of the following properties one by one: surjective, injective, bijective, associative, existence of 


identity, commutative, reflexive, irreflexive, symmetric, antisymmetric, transitive. 


Note: If a property does not apply to a relation/function, write N/A and concisely explain. 


Ze 


Crime Scene 


Part 1 
Not every crime scene is gruesome. You, as a detective, will investigate a potentially only troublesome 
case described as follows: 


Information 


ON ee 


> 


There is/are footprint(s) on the deck. 

If no cats visit the deck, there is no footprints on the deck. 

If at least one cat visits the deck, there are more than one cats. 

No human have seen cat(s) on the deck. 

If a human visits the deck, s/he must see herself/himself on the deck. 
There are at least as many humans as cats. 


Represent Information | through 5 as statements in First-Order Logic. In addition to the standard 
symbols in FOL, use only the following symbols specific to the crime scene: 

e Unary predicate/relation symbols: cat, human, footPrintOnDeck, visitDeck 

e Binary predicate/relation symbol: seeOnDeck 


Note: Exclude Information 6 as it involves some advanced formulation. 


. What can you conclude about the number of cats that visited the deck? Explain by referring to some 


of the proof techniques discussed in connection to Propositional Logic (ref. Unit B5). 
Note: There are multiple crucial steps in this process. Identify all of them. 


Suppose that you need to check all the pairs of humans and cats in the crime scene (and you do not 
even know the entire sets). How would you conclude whether a human saw a cat? Identify the 
relevant statement in Information, and analyze the corresponding FOL statement using some 
technique for dealing with quantifiers and negation. 


Next, consider a structure CrimeScene = (Objects, Cats, People, FootPrintsOnDeck, VisitDeck, 
SeeOnDeck) where 


Objects contains all the objects involved in the crime scene. 

Cats and People are subsets of Objects, and interpret the unary predicate symbols cat and human, 
respectively. For example, human(a) is true if and only if an object a € People. 

FootPrintsOnDeck defines the meaning of the predicate symbol footPrintOnDeck. For example, 
footPrintOnDeck (a) is true if and only if a € FootPrintsOnDeck, 1.e., a is a foot print on the deck. 
Note that FootPrintsOnDeck C€ Objects. 

VisitDeck defines the meaning of the predicate symbol visitDeck, possibly applicable to both Santa 
Claus and reindeer. For example, visitDeck(a) is true if a € VisitDeck, 1.e., a visited the deck. Note 
that VisitDeck Cc Objects. 

SeeOnDeck defines the meaning of the predicate symbol seeOnDeck. For example, seeOnDeck(a, b) 
is true if and only if (a, b) € SeeOnDeck, i.e., a has seen b on the deck. 


. Do all the cats, if any, need to have visited the deck? Explain. 


Could any human have visited the deck? Explain. 


F. Formally define all the structure components of the smallest instance of CrimeScene that would 
satisfy all the statements in Information shown above. For relations/functions, give their types as 
well. Explain how you came to that conclusion. 


Note: The smallest instance would include the minimal number of objects. 


Part 2 


As a detective, you know that many crime scenes follow similar patterns. So, you conduct a search and 
found a file on another case with the following information: 


Information, 

1. There is/are footprint(s) on the deck. 

2. Ifno youngsters visit the deck, there is no footprints on the deck. 

3. If at least one youngster visits the deck, there are more than one youngsters. 
4. No human have seen youngster(s) on the deck. 

5. Ifa human visits the deck, s/he must see herself/himself on the deck. 

6. There are at least as many humans as youngsters. 


For this case, consider a structure CrimeScene, = (Objects, Youngsters, People, FootPrintsOnDeck, 

VisitDeck, SeeOnDeck) where the structure components are defined in a way similar to CrimeScene, 

except the following points: 

e Instead of cat in CrimeScene, another unary predicate/relation symbol youngster is used. 

e Instead of Cats, Youngsters is used as a subset of Objects, and interprets the unary predicate symbols 
youngster. 


G. Compare CrimeScene and CrimeScene, very carefully. What can you conclude? 


(Problem 3 on the next page) 


3. Ping-Pong 

Note: Recall Module A Comprehensive Exercise 3 (Java Comments). In most cases, programming 
experience was not very helpful. Instead, you needed a good idea about the logic-structure connection. 
Analogously, you do not need a Ping-Pong experience for this exercise. In case you have little idea about 
this fascinating ball game, ask your friends. If you really insists that you need to know the complete 
Ping-Pong rules, visit http://www.usatt.org/rules/ (but, it is probably useless for this exercise). 


A. Informally describe (in plain English) a single “rally” of Ping-Pong between Players | and 2 (i.e., the 
period during which the ball is in play, beginning with a service until either one fails to return the 
ball), using a collection of logical statements. Still try to be as precise as possible. 


Note: There is a special case where the server fails. In this case, the other player will win. 


Hint: Use natural numbers to denote the time when the players serve or return the ball in turn. For 
example, at Time 0, the server has the ball. If the service is successful, at Time 1, the ball will be 
with the other player. 


B. Formally define a structure PingPong that would satisfy the logical statements in Question A. 


Additional instructions: 


Formally define all the structure components including “types” where applicable. 

Formally represent the idea of a “rally” as a function of time (see the hint above), associating with 
the players. 

Designate one player as the server. 

Identify the winner. 

Make sure that your structure satisfies your logical statements. 


Hints/Suggestions: 


As a structure component, include a constant (O-ary function, i.e., returning a fixed value without 
input) called n without actually specifying the associated value. Use it to indicate the length of 
the rally. If your structure is further specified with a particular value of n, it could represent the 
following (and other) situations: 

o n=O: The server failed. 

o n=1: The service was successful, but the other player failed to return the ball. 

° | 
o nz=i: The rally continued for i service/returns. If i is odd, the server won, otherwise, the 

other player won. 

Try to make your structure as simple as possible. Do not add structure components unless they 
are necessary. For example, ignore most properties associated the players, e.g., age, favorite 
music, and even Ping-Pong experience. 


C. Analyze whether your structure is the only structure that satisfies your logical statements 


D. Would your structure also satisfy the conditions for (lawn) tennis? What does it mean? Explain. 


<End> 


Post Evaluation Procedure General Comments 


Evaluation packages returned * Comprehensive 
Review period: Till 5 p.m., Fri., Nov. 7 He avinlog | severe pikiee 


. Diagram instance — Structure 
— Opportunity to upgrade 


2. Crime Scene: Logic-structure problem 
— Make individual appointments Implications of “the smallest structure” 


— Do not wait (Module C Eval Workshop on Nov. 14) 3. eee Logic-structure problem 
— No review period for Module C or D 


: ; ¢ Mini Project 
* Otherwise, resubmit today — Describe your logic-structure connection 


Mahieu fedu/sRonacatomocsintnl — Cf. B7 Group Exercises, Group Exercises Today 
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CABG (Coronary Artery Bypass Graft) Strings (Programming Languages) 


Procedure Examples 


. Opening the chest “pop”, “eye”, “popeye”, “eyepop” 
. Harvesting vessels (in the leg) “dad”, “abba”, “kayak” 

. Transitioning to bypass “abracadabra”, “Ockham’s razor” 
. Attaching new vessels “a”, “b”, “oc”, ..., “A”, “B”, “C”, ... 


. Closing the chest ‘“” (apostrophe), “\’ (Space), “” (nothing) 
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Operational vs. Relational C1: Operational/Relational Structures 


* Operational Today aoe | 


— Single set ¢ Understand the logic-structure connection 
— Operation/function: e.g., associative, and how to classify structures 
existence of an identity element — Operational structures 


Relational — Relational structures 


— Single set Take-home exercises 


— Relation: e.g., reflexive, antisymmetric, — Reviews, Sets, FOL review 
transitive 


* Hybrid CABG and Strings? 
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Section 1 
String 


¢ Alphabet (single char): © = {a, b,c, ..., z} 

¢ String: sequence of characters (consisting 
of elements of £) 
—Notation for set of all the strings: &* 


¢ Null/empty string: a string of length zero 
—Notation: e (distinguish from ‘e’) 
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Properties of Concatenation 


Strings = (X", +, €) 

* ‘+’ is closed. l.e., the result of 
concatenating two strings will always be a 
string. 

‘+’ is associative. 
There is an identity element, the empty 


string, represented by the special 0-ary 
function e. 


“+” is not commutative. 
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Specification of String-like Structures 


¢ Logical specification 
* Closed: Vx Vy 4z (x+y =z) 
* Associative: Vx Vy Vz (x+y) +z=x+(y +2) 
* Identity: dx Vy (a+ y=yt+x=y) A (x=8)) 

¢ Structure: A = (A, +, €) 
“ Ais.aset. No turther infomation avaible 
*'HFIAXAODA 
eid 
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String as a Structure 


* Concatenation operation ‘+’ 
— Form a new string from two strings ina 
particular order, €.g., pop + eye = popeye 

¢ Strings = (X", +, €) 
¢ D*: the set of all the strings 


HL xX LoL 
¢ ‘+’ = {((a, b), ab),... ((€, a), a)... (a, €), a)... } 


More precisely, ‘+’ = {((x, y), z)| z=xy} 


"© E" syol torres an nile stent 
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Group Exercise 1 


* Formally represent the 3 properties 


— ‘+’ is closed. l.e., the result of “adding” two 
objects from a set A will also be in A. omite a. 


— ‘+’ is associative. l.e., bracketing does not 
matter. 


— There is an identity element, represented as 
constant €. 

* Formally define the specified structure(s) 

A = (A, +, €) including all the components 
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Group Exercise 2 


* The following structure Nat = (N, +, 0) 
involving natural numbers N also satisfies 
the same 3 properties (except the use of 0 
instead of €). 

* Analyze the logic-structure connection as 
in Group Exercise 1. 


¢ What can you conclude about Strings, A, 
and Nat? 
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Specification of String-like Structures 


* Logical specification 
* Closed: Vx Vy dz («+ y =z) 
* Associative: Vx Vy Vz ((x+y)+z=x+(y+2) 
* Identity: dx Vy (a+ y=yt+x=y) A (x=0)) 
* Structure: Nat = (N, +, 0) 
« N-=the set of natural numbers 
° “+oNxNoON 
°0:3N 
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Group Exercise 3 


« Analyze the logic-structure connection behind 
the “integer” data type of modern programming 
languages (e.g., Java, C++). 

— Find an additional property and formally represent it 
— Formally define structures Int = (/, +, 0) 
* Hints 


— I= {-2,147,483,648, ..., 0, ..., 2,147,483,647}, due 
to 32-bit storage, cf. String or Nat 


— E.g., 2,000,000,000 + 2,000,000,000 < 0 
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Clock 


Clock = (H, +, 0) 

¢ H=({0, 1, 2,..., 23} 
°+:HxH->H 
°0:7H 


» ‘+’ is closed, associative, and 
commutative. 


Existence of identity element, 0 
Existence of inverses 
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Interim Summary 


Structure A is the most general case. 


Structure Strings is a special case (an 
instance) of A. 


— Specialized to characters and concatenation 
Structure Nat is another special case of A. 


— Specialized to the set of natural numbers and 
addition 


All of these satisfy the same 3 logical 
statements. eset 
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Integer Data Type 


* Additional property 
— Existence of inverses (because of the loop) 
—Vxdiaa+i=OAi+x=0) 
Int = (I, +, 0) 
—I = {-2147483648, ..., 0, ..., 2147483647} 
—‘+:Ixlol 
-0:>1 
-0=0 
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Max 


Max = (R, max) 
¢ R=the set of real numbers 
¢ max: R x R = R [with the usual meaning] 


* max is closed, associative, and 
commutative. 


* There is no identity element. l.e., there is 
no smallest number. 
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Section Summary 


* Operational structures 
= Single set Also called algebraic structures, algebras 


— Operation(s): input(s) — output 
* Classification of operational structures 


Examples | Closed | Associative | Identity | Inverse | Names 
Int vi Y Y Groups 
Strings Y Y N Monoids 


Max Y N N Semigroups 
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Unit C1: Operational and Relational Structures, 10/23/03 


Exercise 1: Module B Comprehensive Exercises Review 


Recall the general comments on comprehensive exercises made at the beginning of the class, and 
concisely reflect on them. 


If you have questions and/or uncertainty, list them. Note that the list must be your own because 
everyone must have different ideas. This should help if you review your exercises individually 
with the instructor for possible upgrading. 


Exercise 2: Mini Project Phase 1 Review 


Recall the general comments on mini projects made at the beginning of the class, and concisely 
reflect on them. 


Exercise 3: Set Operations 

Note: In this exercise, we will encounter sets in two different ways: (A) sets as the basis of 
formalizing various concepts (as a tool), and (B) sets as an object of study. The appearance of 
sets as in (A) and (B) are referred to as meta-level and object level, respectively. As an analogy, 
consider the following example. Nowadays, designing computer components such as CPU 
(Central Processing Units) heavily depends on the use of computers. Then, computers are 
involved both at the object level (computers/components that are being manufactured) and at the 
meta-level (computers used for the manufacturing process). 


Let us consider a set (of sets) A = {@, {1}, {2}, {1, 2}} and the usual set union operation ‘VU’. 
We know that {1} U {2} = {1,2}, O@ vu {2} = {2}, etc. If we combine A and ‘U’, we should be 
able to construct a structure as follows: 


Set; = (A, U) 

© A={, {1}, {2}, (1, 2}} 

e ‘WU’ is the usual set union operation 

A. Give the type of “U’. 

B. Formally define ‘U’ using the list notation. Doing this completely will be tedious. So, if 
you can demonstrate that you understand how to do it correctly, you may abbreviate the 
result. 

C. Identify all the properties applicable to ‘U’ in Set; (e.g., closed, associative, commutative, 
existence of an identity element, existence of inverse, surjective, injective, bijective, 
(ir)reflexive, (anti)symmetric, transitive). 


D. Among the structures discussed in class, which one would be most similar to Set,? 


Next, consider another structure Set, defined as follows: 


Set, = (A, 1) 
e A={, {1}, {2}, {1,2}} [same as in Set;] 
e ‘ry is the usual set intersection operation 


E. List the differences and similarities between Set, and Set. 


F. Suppose that you are given a structure X = (X, ) with the following conditions (logical 
statements, informally): 
e |x|=4 
e ‘)’ is aclosed, associative, commutative operation. 
e There is an identity element in X. 
e There are no inverses. 


You are also told that X is “basically the same” as Set;, except for the use of the symbols. 
Would X be “basically the same” as Set as well (except for the use of the symbols)? 
Explain. 


Exercise 4: FOL Review 


Note: This exercise is optional. However, unless you are very confident about FOL formulae, 
you should probably do it. 


Even without explicit information, we can still infer the basic information about symbols used in 
a FOL wff (in most cases). For example, given a wff “Va Sb (c(a) v d(b) = e)”, we can analyze 
symbols a through e as follows: 


a and b are variables (representing individuals) because they are quantified. 
e cis aunary predicate/relation because it takes one input and evaluates to true/false. Note that 
‘v’ needs truth values on both sides. 
e disaunary function because it takes one input and returns an element, not a truth value. 
o Note that ‘=’ needs elements on both sides. 
o The interpretation (c(a) v d(b)) = e would not work because c(a) v d(b) returns a truth 
value and cannot be identified with an individual using ‘=’. 
e eis aconstant (O-ary function) because it takes no input and returns some element. Note that 
it is not a variable because in this course, all variables must be quantified. 


A. Do an analogous analysis for the wff: Vf (g(/)) 

B. Do an analogous analysis for the wff: dh Vi (h =j — k(m(h), m(i))) 

C. The following formula is not well-formed: dn (p(p(n)) An = p(n)) . That is, there is no way 
to analyze the symbols n and/or p correctly. Explain why. 

<End> 


Review: Group Exercise 1 


Are the following sets identical? 
© (ANB')U(A'AB) 
*(ANB)'A(AUVUB) 
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C2: Boolean Algebra 


Today 
* Compare three structures and analyze 
difference/similarity 
— Digital circuits 
— Sets 
— Propositional logic 


« Understand Boolean Algebra and its variations 


* Take-home exercises 


— Pseudo-electrical engineer, Exotic Logic and Circuits 
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Addition (1) 


CMSC210 C2 


Review: Group Exercise 2 


Are the following statements equivalent? 
* (pA7qQ)yv (Pq) 
*APADAPYY 
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Section 1 


Digital Circuits 


—xory 
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Addition (2) 


* carry=x &y 
* sum=(« & y')or(@' & y) 


CMSC210 C2 6 


Addition (3) Comparison 


carry 


¢ Digital circuits 
oe (x &y')or@' &y)=@ &y)' & w ory) 
aie (x & y') or (x' & y) * Sets 
ee aon (ANB')U(A'OB)=(A40B)'O(AUB) 
* Propositional logic 
sum PA-QV PADS -PADAPVYA 


Sa 


sum=(x« & y)' & (x ory) 


Section 2 
Section Summary Representative Structure 


¢ The structures for digital circuits, sets, and * Bool = (B, &, or, ') 
propositional logic are indistinguishable * B={1,0} 
(except for the use of different symbols). 
— Indistinguishable structures are said to be 
isomorphic. 
* If we understand one structure, we can 
translate the results to other structures. 


© & BxBOB 

& = {((0, 0), 0), (, 1), 0), (A, 0), 0), (1, D, D} 
* o: BXBOB 

or = {((0, 0), 0), (0, 1), 1), (1, 9), D, (A, D, 1} 
° "BOB 

‘= {(0, 1), C1, 0)} 
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Group Exercise 3 Additional Properties 


For each operation: De Morgan’s law 

* Commutative? —(aor b)'=a' & b', (a & b)' =a' orb! 
* Associative? Distributive 

* Identity? —aor(b &c)=(aorb) & (aorc) 

* Additional properties? -—a& (borc)=(a &b) or (a &) 


0 | 0 
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Boolean Algebra (definition) 


¢ Aclass of structures Bool = (B, &, or, ', 0, 1) 

such that: 

¢ & BXBOB,or:BxB->B,':B>B,0:>B, 
1::>5B 

¢ &and or are associative, commutative, and 
with an identity. 

« Existence of complements (i.e., ' is defined). 

¢« &and or are distributive. 
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Isomorphism 


* Transformation of a structure to another 
structure such that 
— Structure components correspond in the order 


— Structures are identical except for the use of 
symbols 


Bool = ({0, 1}, &, or, ') 
Set = ({P, {1}},9,U,') 
Prop = ({F, T}, A, v, =) 
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Equivalence of Expressions 


Digital circuits 

— Computer Engineering? 
— CMSC325? 

Sets 


— Convert to set expressions and justify the result 
schematically 


Propositional logic 

— Convert to propositional logic and 
* Check exp, © exp, is a tautology [semantics] 
+ Prove exp, from exp, (and vice versa) [syntax] 
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Isomorphic Structures 
¢ Bool = ({0, 1}, &, or, ') 
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Revisited 
Justification of Equivalence 


carry 


»| OF }>— sum 


sum =(x & y') or (x' & y) 


carry 


ar & }—— sum 


sum=(x & y)'& ory) 
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Revisited 
Review: Group Exercise 1 


Are the following sets identical? 
*(ANB')U(A'NB) 
*(ANB)'A(AUB) 
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Revisited 


Review: Group Exercise 2 


Are the following statements equivalent? 
* (pA7qQ)v pq) 
* AP AQ APY) 
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Section Summary 


* Boolean algebra is a class of structures 
that can be used to represent digital 


circuits, set theory, and propositional logic. 
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Proof Approach 


Hyp: (x A my) v (av y), To prove: (x A y) A (xv y) 
(x Any) Vv (Axa y) [hyp’ 
2 a(x Amy) V >(>r A y) [double neg 
. a(x Vv y) Vv a(x v my) [De Morgan 
.  —a((ax vy) A (XV 7y)) [De Morgan 
2 a(x A (x Vv ay) Vv GA (& vv ay) [distributive 
2 (ar Ax) Vv (Ax A ny)) v (y AX) VG Ay) [distributive 
. a(F v (Axa n7y)) v (Wy Ax) v F)) [contradiction (subformula) 
. a(x aay)v (Ax) [use of ‘Vv’ 
9. Alar Any) A7(y A x) [De Morgan 
10. @V y)AAWY AX) [De Morgan 
ll. AWA yY)AWVy) [commutative’ 
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Summary Exercise 


* Did you know Boolean Algebra before this 
class? Briefly comment on the following: 
— If yes, did your idea change after this class? 
— If no, do you think you will use it? 


* Questions/Comments/Suggestions 
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Unit C2: Boolean Algebra, 10/28/03 


Exercise 1: Pseudo-Electrical Engineer 


In a certain country at the fall of communism, a mathematician called Borisky needed to work as 
an electrical engineer. He knew nothing about digital circuits, but he knew that digital circuits, 
set theory, and propositional logic are all isomorphic and instances of Boolean algebra. So, he 
thought that he could handle his new job, relying on his expertise, set theory and propositional 
logic. 

Due to the shortage of components in his country, Borisky needed to use ‘&’ and ‘” 
to simulate the unavailable ‘or’ components (show below). 


components 


x x — 
7 Rix &y ye OF x ory X—4' > x! 


Borisky guessed that there is an expression that involves only ‘&’ and *"” but not ‘or’ that is still 
equivalent to expression x or y. If this is true, he can use ‘&’ and ‘” to simulate all the cases 
involving ‘or’. 


A. What would be the equivalent expression Borisky guessed? 


Hint: Since digital circuits are an instance of Boolean algebra, all the properties that apply to 
set theory and propositional logic also apply to digital circuits. Review the reference slides 
in Unit B5 (Propositional Logic). 


B. Convert the two expressions (i.e., x or y and your answer to A.) to the corresponding 
expressions in set theory (i.e., using “U’, ‘MN’, ‘”, etc.) and justify the equivalence of the 


converted set expressions (within set theory). 


Hint: You may use schematic representations to show the equivalence. 
In order to minimize the cost of mass-producing a digital circuit, Borisky needed to reduce the 
number of components used in a circuit represented as (x' & y')' & (z' & x')'. By this time, the 
production of ‘or’ components are catching up. He guessed that the circuit is equivalent to x or 
(y & z). However, before mass-producing the circuit, he is required to verify the equivalence. 


C. First, convert the expressions (x' & y')' & (z' & x’)' and x or (y & z) to the corresponding wff’s 
in propositional logic. Then, prove [FIX THIS!!!] x or (y & z) by considering (x' & y')' & (2 
& x')' as the hypothesis. 


Exercise 2: Exotic Logic and Circuits 

Note: In this exercise, you will explore some exotic forms of propositional logic and digital 
circuits, and their connection to set theory. This one may be slightly challenging. Try as much 
as you can. Your experience will be useful as a preview of Unit C3, where this exercise will be 
discussed. 


Porpositional Logic involves two values, true (T) and false (F). However, in reality, we often 
encounter situations where we have to say “neither,” or “undefined” (U) (recall your response to 
my questions in class). Note that there are logicians who seriously study variants of logic of this 
sort. Then, we can define a structure such as the following: 


Prop3 = (V, A, v, 7) 
where V = {T, F, U} 


A. Can Propo; be a Boolean Algebra? You can define the operations in favor of your answer. 
Concisely explain. 


Hint: Unit C2 slides on the definition of Boolean Algebra. 


Next, let us turn to digital circuits. Suppose that with advancement in electronics engineering, 
basic electronic devices use 4 states, instead of 2. Note that related phenomena may be 
happening in the industry; can you point out? Then, we can define a structure such as the 
following: 


Bool, = (D, &, or, ') 
where D = {0, ¥, 4, 1} 


B. Can Boolzs be a Boolean Algebra? You can define the operations in favor of your answer. 
Concisely explain. 


Let us now turn to the other cousin of Boolean Algebra, set theory. Here are two possible 
extensions of the structure Set discussed in Unit C2. 


Sets; = (S3, MO, VU, ») 
where $3 = {@, {1}, {2}} 


Set, = (S4, O, VU, ‘) 
where S4= {D, {1}, {2}, {1, 2}} 


C. Concisely explain why Set3 is not a Boolean Algebra, regardless of how the operations are 
defined. You could also try $3, = {©, {1}, {1, 2}}, if you wish. 


D. Concisely explain why Set, is a Boolean Algebra, with the usual definitions of the 
operations. 


E. Draw some conclusion from your observation in Questions A. through D. above. 


Let us shift the discussion a bit. Earlier in class, we noted that the following equivalence 
(verifiable using Venn diagrams): 


Equivalence: 
Ll; ey 

De KINSER 
3. xUy=y 


Now, let us consider the following two structures involving S4, along with the usual definitions 
of the operations/relation. 


Sets = (S4, MO, VU, ') 

Sets = (S4, C) 

where Sy = {@, {1}, {2}, {1, 2}} 

Note that Set, and Sets are not isomorphic (why?). So, Sets is not a Boolean Algebra. However, 
if we compare the information conveyed by the two structure, we notice that they are equivalent. 
Neither Set, nor Sets says more than the other. Naturally, this is due to the fact shown in 


Equivalence above. 


F. Can you connect the above observation with your answer to Question E? 


<End> 


Review 


Properties of Relations/Functions 


Check properties only for applicable cases 
« Relation _x_ 
° AxA => Reflexivity, symmetry, transitivity 
* Function_— _ 
* Closedness, sujectivity, injectivity, bijectivity 
« AxA—A = associativity, existence of an identity 
element, existence of inverses, commutativity 
+ If negation also available = De Morgan 
+ If two functions available = Distributivity 
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Power Set 


* Power set of a non-empty set S, P(S): The 
set of all the subset of S 


— Formally, P(S) = {X|X cS} 
« Examples 


— P({1}) = {©, {1}} 
— P({1, 2}) = {©, {1}, {2}, (1, 23} 
— P({1, 2, 3}) = {©, {1}, {2}, {3}, (1,2, 33} 
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Boolean Algebra 


¢ Alternative characterization: Collection of 
structures that are isomorphic to 
(P(S), A, U, ') for some non-empty set S 


* This guarantees that all the properties are 
satisfied. 
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Bool = (B, &, or, ', 0, 1) 


Digital circuits < Propositional logic < Set theory [BI 
{0, 1} {F,T} {S, {1}} 2 


{00, 01, 10, 11} {F,Huh,Wow,T} (©, {1}, {2}, {1,2}} 4 


{0”, ..., 1"} {F,..., 4, ..., T} 
Modern Knowledge 
computer representation 

architecture (Al) 

n-bit (2"-bit) 
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Group Exercise 1 


Compute the following: 
A. P({a, b}) 
B. P({{a}}) 


C: P(@) + Power set of a non-empty set S, P(S): The set 
of all the subset of 5 


D. P({D}) — Formally, P(S) = {X|X cS} 
+ Examples 
— PU{1})={, {1}} 
— P({1,2}) ={©, {1}, {2}, (1, 23} 


— PL, 2,3}) = (©, {1}, {2}, {3}... (1, 2, 3}} 
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C3: Ordered Structures 


Today 

¢ Understand ordered structures —~ visualization’ 

¢ Understand the connection between 
operational and relational structures 


* Take-home exercises 
— House construction, Electronic map (revisited) 
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Section 1 


CABG (Coronary Artery Bypass Graft) Group Exercise 2 


Procedure Consider a general case of all 
. Opening the chest a. O sorts of procedures where tasks, O 
. Harvesting vessels (in the leg) are ordered (consider the 
a relation “no later than”) 
. Transitioning to bypass 


; . Identify the involved properties 
. Attaching new vessels and formally represent them 
. Closing the chest 


A. Use relation symbol: ‘<’ 


B. Formally define the collection of 
structure(s) Procedure 
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Specification of Procedure-like Structures Poset (Partially-Ordered Set) 


* Properties of ‘<’ * PO = (A, S) 
— Reflexive 
— Antisymmetric 
— Transitive 

¢ Procedure = (Tasks, <) 


— Tasks = the set of tasks _ No further information available 


— ‘<’: Tasks x Tasks 


is a binary relation in A x A. 
’ is reflexive. 

’ is antisymmetric. 

’ is transitive. 


AWA KK 
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Hasse Diagram Group Exercise 3 


¢ Standard schematic Consider a structure X = (S, R) 
representation for posets 1.334 


X <Y: Yis placed at least as 
high as X (eg.,H<TorH no later than T) 
X < X: not shown 

X<Yand Y<Z:X< Znotshown 


elements of the relation 
l.e., reflexivity/transitivity not . Is X aposet? If yes, draw a Hasse 
shown <= Assumed for posets : 


diagram. If no, explain. 
Caution: vertical position 
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R={(1, 1), @, 2), G, 3), 4, 4, CL, 2), @, 3), 
(1, 3), (4, 3)} 
. Draw a schematic representing a// the 


Poset Variations 


Poset that is ordered linearly (linear order) 


Structure with the greatest and least 
elements but not linear 


Structure that would model “set theory” 


Not a poset, but similar: /rreflexive, 
antisymmetric, transitive (strict order) 
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Section 2 


Operational vs. Relational 


* Set, =({©, {1}, {2}, {1,2}},U,) 
* Sets = ({©, {1}, {2}, {1, 2}},9) 


Equivalence: 
Ie #EW 

2 SOV Sa 
3. xUy=y 
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Equivalence: 


< I KS 
Set Operation, Revisited 2 xay=x 


3. xUy=y 


Set1 = (A, U) X= (x, 0) Set2 = (A, 4) 


@ 
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Section Summary 


Relational structures 
— Single set 

— Relation(s) 
Classification 


Linearity | Max/Min 


Strict order either either 


Poset | in general either either 


Linear order Y: either 


Bounded either bf 
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Visualize Boolean Algebra 


e Hasse diagram: useful to visualize 
structures 


¢ Boolean Algebra: Special collection of 
structures where we can move between 
operational and relational representations 


* Consequence: Boolean Algebra can be 
seen through Hasse diagrams. 
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Knowledge Representation 


know everything 


‘know romance: 


know fact know disc math 


know nothing “Shape” of BA? 
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Boolean Algebra 


¢ Yet another characterization: multiple- 
dimension lattices 


— Technically, lattice is a collection of structures 
that lie between Boolean Algebra and posets 
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Complement, Revisited 


* x and y are complement 
x Uy=Top andxn y=Bottom 


Top 


L3¢ 
er 
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Summary Exercise 


* Can you visualize Boolean Algebra of 
various sorts? 


* Did your idea about Boolean Algebra 
change after this class? 


* Questions/Comments/Suggestions 
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3-bit Computer Architecture 


111 
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Section Summary 


Boolean algebra corresponds to a special 
case of poset, where operational and 
relational structures can represent 
equivalent ideas. 


Operational | Relational 
Boolean algebra|(A, &, or,') |(A, S) 


e.g., digital circuits, 
propositional logic, (A, A, Vv, —) |(A, ©) 


set theor ' greatest/least 
(A, m, nad ) distributed 
other conditions complemented 
Poset N/A (A, S$) 
e.g., task scheduling 
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Unit C3: Ordered Structures, 10/31/03 


Exercise 1: House Construction 
In this exercise, you are the general contractor of a house construction project. A quick look at 


the Home Depot’s Outdoor Projects 1-2-3 revealed that you have to do various tasks in a 
specific order as shown below. 


Conditions 

Foundation work (fd) must be done before framing (fr). 
Framing (fr) must be done before roofing (r). 

Roofing (r) must be done before exterior siding (es). 

Exterior siding (es) must done before plumbing (p). 

Plumbing (p) must be done before flooring (fl). 

Plumbing (p) must be done before wall-board work (wb). 
Flooring (fl) must be done before carpeting (c). 

Flooring (fl) must be done before interior painting (ip). 

Exterior siding (es) must done before wiring (wi). 

Wiring (wi) must be done before wall-board work (wb). 
Wall-board work (wb) must be done before interior painting (ip). 
Interior painting (ip) must be done before interior fixtures (if). 
Exterior siding (es) must done before exterior painting (ep). 
Exterior painting (ep) must be done before exterior fixtures (ef). 


> 


. Draw a Hasse diagram that would show Conditions in a more visually appealing manner. 
You should use the abbreviation for each task. 


We now represent the project as a structure House = (Tasks, <), where Tasks is the set of all the 
tasks involved in the conditions and ‘<’ is a relation between two tasks with the meaning “must 
be done before” (this relation will be developed step by step). 


B. Tentatively, define the relation ‘<’ as a set of pairs exactly as specified by Conditions, using 
the list notation. Note that Conditions are not explicit about the order between, say, 
foundation work (fd) and roofing (r). Thus, although you can infer such a sequence, do not 
include this type of information in ‘<’. 


Note: The complete definition would be too long. Give only the first and last few elements. 
C. Show that this tentative definition of ‘<’ is not transitive. 


However, as hinted earlier, we can easily infer that foundation work (fd) must be done no later 
than roofing (r). In order to reflect this point directly within the relation, we will need to 
augment ‘<’ with additional elements and make it transitive. During this process, we add only 
those elements that are needed to make the relation transitive, e.g., (fd, r). We do not want to 
destroy the ordering of the tasks; for example, we should not add (fr, fd) because we will no 
longer be able to tell the ordering of these two tasks. Let us call the new relation ‘<,’, which is 
transitive and still contains ‘;’ as a subset. Then, ‘<,’ is called the transitive closure of ‘<’. As 


1 


a simpler example, {(1, 2), (2, 3), (1, 3)} is a transitive closure of {(1, 2), (2, 3)}. The definition 
of transitive closure of a relation R is “the smallest transitive relation that contains R.” 


Next, if you want to modify “<’ to define ‘<’ with the meaning “must be done no later than’’, the 
relation must be reflexive as well. Analogous to transitive closure, we can also define the 
reflexive closure of a relation, i.e., the smallest reflexive set that contains the original set. For 


example, {(1, 2), (2, 3), (, 3), Gd. DD, 2, 2), 3, 3)} is a reflexive closure of {(1, 2), (2, 3), (1, 3)}. 
D. Give the final relation ‘S’ as a transitive and reflexive closure of ‘<’. 
Note: The entire definition would be too long. Give only the first and last several elements. 


E. Is the structure House a poset? Concisely explain. 


Exercise 2: Electronic Map, Revisited 
Let us again consider the map shown at right. As 
before, we can define a structure representing the map 
as follows: 


Map = (C, ~) where 

e Cis the set of cities shown on the map 

e ‘~’ is a relation that indicates the connection 
between the cities as shown on the map 


However, it is tedious to list all the members. So, let us use a new closure operation related to 
the ones discussed in Exercise | above. 


A. Define the minimal (i.e., of the smallest cardinality) ‘~o’ (using the list notation) so that we 
can also define the intended relation ‘~’ by applying “symmetric closure” as follows: 


‘~’? = the symmetric closure of ‘~9’ 


B. Next, we define ‘~’ as the transitive closure of *‘~’. Then, suppose that you write a computer 
program to find out whether the given two cities are connected (well, in the above map, every 
pair of cities are connected; but that is not necessarily the case, e.g., if we consider all the 
cities in the world). Between ‘~’ and ‘~2’, which would you use to find the answer? 
Concisely explain. 


C. Is (C, ~o) a poset? Justify your answer by checking the properties of posets. 
D. Would (C, ~o) have an equivalent Boolean Algebra? Justify your answer (find the simplest 


way). Referring to your answer, what can you say about the connection between Boolean 
Algebra and phenomena in the real world. 


<End> 


Character Recognition Artificial Neural Network (ANN) 


* Each connection is weighted. 


* Contributes differently to 
the output 


outé 

= inl * 0.083 + in2 * 0.083 + in3 * 0.083 

+ ind * 0,083 + inS * -0.33 + in6 * -0.33 mitt 
+ in7 * 0.083 + in8 * 0.083 + in9 * 0.083 

+ inlO * 0.083 + inll * -0.33 + inl2 * 0.083 

+ inl3 * 0.083 + inl4 * 0.083 + inl5 * 0.083; 
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Electronic Map Example Problems 


« Representing am Determine whether there is a connection 

— Serain—) | between two points 

x Find the shortest/fastest route between 
two points 
Find the shortest/fastest route connecting 
multiple points 
Detect whether you are looping around the 
same route 
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Schematic Representation of Relations C3: Graphs/Trees 


* Relation R = {(a, b), (b, a), (b, c), (c, 2} Today 
¢ Model connections of elements using 
graphs and trees 
— Graph and its variations as structure 
— Tree as a special case of graph 


* Take-home exercises 
— Seating arrangements, Model your own 
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Section 1 


City Streets 
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Digraph, Relation, Schematic 


G, = ({1, 2, 3, 4}, {C, 2), 2, 3), 
G, 4), (4, D, (2,4), 4, Dp 


a Digraph G =(V, E) Py 


y 
Relation R «——> Schematic representation 
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(Undirected) Graph 


* U=(V, E) where 
— V: anon-empty set of vertices 
— E: a symmetric binary relation on V 

* U, =(V, E) where V= {a, b,c}, E= {(a, b), 
(b, a), (b, c), (c, b), (c, a), (a, c)} 


Note: A graph is a special case of 
digraph. I.e., any graph is a digraph. 
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Digraph (Directed Graph) 


* Definition: G = (V, E) where 
— V (vertices/nodes): a non-empty set 
representing points 
— E (edges): a binary relation on V representing 
connections 
G, 


G, 
1 2 ! 
2 05 
\ 3 6 
4 3 3 
7 


CMSC210 C4 8 


Logical Specification 


* Conditions for digraphs G = (V, £) 
¢ dx(x=x) specifies V4 @ 
© Vx (rel(x, x) Vv arel(x, x)) specifies E: Vx V 

¢ Any structure satisfying the conditions is a 
digraph. 


CMSC210 C4 


Group Exercise 1 


¢ An alternative definition of undirected 
graph as U,, = (V, E) where 
— V: anon-empty set of vertices 
— E: a set of sets with cardinality 2 

E.g., E= {{a, b}, {b,c}, {c,a}}  Notarelation. Why? 

* Identify the pros and cons of this definition 
— Note: Also consider the connection to the 
definition of digraph. 
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(undirected) Weighted Graph Connected Digraph/Graph 


¢ W=(V,E,R, w) where 
— V:anon-empty set of vertices 
— E: a symmetric relation on V 
— R: the set of real numbers 
— w (weight): a function: E> R 


¢ Digraph/graph that is also connected 


Connected: From every vertex to any 
other one, there is a path. 


Analogous for digraph 
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Path Network Connection 


* A sequence of edges from x to y such that 
— Single-step: If (x, y) € E, there is a path from x 
to y. 
— Multiple-step: If there is z such that (x, z) e E 


and there is a path from z to y, there is a path 
from x to y. 


——— [eco al alee 
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Acyclic (Undirected) Graph Section Summary 


¢ Graph with no cycles 


* Connections of points can be modeled as 
* Cycle: A path from a vertex to itself without a graph, another type of structure. 
repeating edges between the same * Graph variations 


vertices — Digraph 


— Undirected graph 
— Weighted graph 
Note: The definition of cycle — Connected digraph/undirected graph 
for digraphs slightly differ. — Acyclic digraph/undirected graph 
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Group Exercise 2 


« For each of the following part of a human body: 
A. Cardiovascular system 
B. Digestive system 
C. Respiratory system 


* Identify an appropriate type of graph with respect 
to the following: 


— Digraph or undirected graph 
— Connected or not 
— Acyclic or with cycles 


* Give a simple schematic representation for each 
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Example: Database 


* Binary organization of indices 


acegi kmogqsu 
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Tree 


* Connected, acyclic, undirected graph with 
a designated root 


Examples 


— T, =(V, E, root) where V = {a, b,c, d}, E= {(a, 
b), (b, c), (a, d)}, root =a 


root 


T, 
Note: In some case, the root is 
not included in the structure. 
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Section 2 


Ethernet Connection 


Connected and acyclic 
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Example: Compiler 


* Structure of programming languages 


program 


er 


statement 
tatement 
ae | statement 
\ Ha 


int x = 5; for(; x>0; --x ) £(); 
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Classification of Elements 
program 
ee ee 


statement 
statement 
exp | statement 
\ AM A | IN 


int x = 5; for(; x>0; --x £(); 
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Distinguishing Nodes Section Summary 
Leaf: a vertex with no children 

Child of v: uw such that v is a parent of u 

Parent of v: an ancesior of v, u, such that (u, v) 
a 

Ancestor of v: w such that there is a path 
between v and the root through u 

Descendant of v: wu such that v is an ancestor of 
u 

Height: the maximum number of nodes among 


the paths between a leaf and the root 
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Tree is a special case of graph, 
appropriate for modeling a rooted, fan-out 


type hierarchy. 
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Organization of Structures Group Exercise 3 


Structure sarees : F : 
clipe choc nela tunes Simplified Identify appropriate structures: 
Relational/Digraph _——— Operational * Knowledge representation 
a * Sport tournament 


if based on funcs 


based on rels — p 
Graph J Pose em bie a * CS prerequisites 
aa \, — 210, 220, 230, 325, 330, 340, 350 


sym 
a Monoid (e.g., Strings) 
Weighted graph Ne go ee 


ree weight func = 
connected, Group (e.g., Clock) 
acyclic, rooted Boolean Algebra inverse 


-~ connection. complemented, distributed -~ computation 
ordering omscata c4 


CMSC210 C4 27 


Summary Exercise 


* Do you think that studying various 
structures is useful for analyzing real-world 
phenomena? Concisely explain. 


* Questions/Comments/Suggestions 
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Unit C4: Graphs/Trees, 11/4/03 


Exercise 1: Seating Arrangements 


Due to the noisy situation at a banquet hall, we must observe certain conditions for all seating 
arrangements. These conditions are formally written as follows (“x @ y” can be interpreted as 
“x can talk to y’): 


Conditions: 

1. Vx a(x @ x) 

2. VxVy (x ® y) 3 Gy ® x) 

3. VxVyVz (@ ® y) A ® z)) 2 7G ® 2) 

4. Vxdyaz (y#ZA (x ® y) A(x © 2) 

A. Compare Condition 3 with the formal definition of “transitive,” and explain the difference. 

B. The diagram below shows a seating arrangement using 2 tables. Each point indicates a 
person and the lines between two people indicate the possibility of talking to each other. 
Analyze whether this seating arrangement is consistent with the conditions. Discuss each 
statement in Conditions. 

C. Find the smallest party that can satisfy all Conditions. Discuss each statement in 
Conditions. 

D. Suppose that another party is considering a seating arrangement that can be represented as a 


“tree” (as defined in class). Would such an arrangement (as a structure) be able to satisfy 
Conditions? Explain, referring to all the relevant statements of Conditions. 


Exercise 2: Model Your Own Phenomenon 


First, identify a unique real-world phenomenon (as usual, you may simplify it to a level 
reasonable for this exercise) that can be represented by one of the following graph/tree types: 


Directed graph 

Undirected graph 

Weighted graph (directed or undirected) 
Tree 


Then, formally define the structure with the following points in mind (as we practice in class): 


Give it a name. 
Define it as n-tuple of sets, relations, and/or functions. 


e Formally define each structure component (with types where applicable). You may 
informally define sets of natural numbers, integers, and/or real numbers. You must define all 
other sets, relations, functions, formally. 


Note that you must find a phenomenon that has not been discussed in class, exercises, sample 
mini projects, etc. Note that it is acceptable if independently working students come up with 
similar phenomena. However, if you work in a group, group members should not model a single 
phenomenon. 


<End> 


Module C Evaluation Workshop 


Fri., Nov. 14, class time (one week from today) 
Review the relevant part of the syllabus and the on-line handbook 
Re-use your manila folder or large envelope; Include Module B 

+ Complete and bring “Take-Home Exercise Self-Evaluation Form” 
(distributed today) along with exercises 
Exercise C5 will be checked on Tue. Solutions available that day. 

+ Complete and bring “Module C Comprehensive Exercises” 
(available on-line) 

+ Group evaluation sessions (open book): 20 min x 3 

+ “Comprehensive Exercise Self-Evaluation Forms” will be distributed 
that day (no need to print in advance) 

+ Submit all materials at the end of the session 

+ Mini Project Phase 2 due on Tue., Nov. 18 (separate) 
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Java Comments (Comprehensive A) 


« A standard C-style comment, where all of 
the characters between /* and */ are 
ignored. 

* Acollection including /**/, /* */, 
/*a*/, /*b*/, etc. 
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Floating-Point (FP) Numbers 


¢ Examples: 1.5, 345, 0 “of. 0.1.2, $19.95+s/h_ 
* Specification 
— Integer part: either a 0 or a non-zero number 
followed by any number of digits 
— Fraction part (optional): ‘.’ and a digit followed 
by any number of digits 
¢ Mechanism: Must be able to handle 
possible repetition of any length 
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Mini Project Phase 2 


Respond to the feedback of the instructor on Phase 1, if any. 
Especially, the logic-structure connection. 

Formally define the structure of your object/phenomenon. Also try to 
define the structure components as much as possible 


+ Write up your logical specification as clearly as possible. Try to use 
First-Order Logic formulae (not required). 
Explain how the structure would satisfy the logical statements. 
Examine whether unintended structures would also satisfy the 
logical statements. 

+ There is no length requirement. Your mini project must be word- 
processed (except for special symbols/diagrams/schematics, if any). 

+ Self-evaluation (must be included at the end of the submission): 
Make sure that your submission satisfies the above requirements. 
Give 1 pt if it is the case. 
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Compilers 


* High-level language — Machine language 
(source language) (target language) 
¢ Specification of the source language 


¢ Mechanism of analyzing and translating 
the source language 


CMSC210 C5 


Program Structure 


* Example: 
if (x>0) { 
if (x<0) {doThis();} 
else {doThat ();}} 
else {doWhat () ;} 
* Specification: Must be able to represent 
parenthesis matching 
* Mechanism: Must be able to handle parenthesis 
matching 
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Example: Virtual Pet (Ex-B3) C5: Languages/Automata 


Today 


Stimuli * Specify and process certain types of sets 
Bison (b) Geisha (g) _| Wormhole (w) 


Puzzled (p) | Puzzled (p) | Happy (hy | Mad (m) — Languages, automata, and grammars “general 


States (Happy) | Mad (m)___| Puzzled (p) | Sleepy (s) — Regular languages, finite-state automata, and 
" Mad (m) Happy (h) | Mad (m) Puzzled (p) 


regular expressions 
Sleepy (s) Sleepy (s) 9 P “special case 


* Take-home exercises 
— Binary numbers, English spelling, Musical code 


(sample solutions to be posted on Tue) 
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Section 1 


Three Aspects Schematically, 


¢ Language: A set of strings 
« Automaton: A machine to process a Grammar! specifies Language 

language [plural: automata] (logic) (structure, i.e., set) 
¢ Grammar: Specification of a language 
¢ Example 


— The English language (set of sentences), Automaton 
described by the English grammar, spoken by (procedure) 
a person (automaton) 


specifies 
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Floating-Point (FP) Numbers Program Structure 


¢ Example: 1.5, 345, 0 Example: 


e Language: The set of all FP numbers if (x>0) { 
if (x<0) {doThis();} 


¢ Grammar else {doThat ();}} 
— Integer part: either a 0 or a non-zero number else {doWhat () ;} 
followed by any number of digits Language: The set of valid programs 


— Fraction part (optional): ‘.’ and a digit followed Grammar: Program specification 


by any number of digits Automaton: Some machine that can handle 


e Automaton: Some machine that can parenthesis matching 
handle possible repetition of any length 
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Section Summary 


Language = of strings 
Grammar = specification 
Automata = machine (also as specification) 


Languages can be characterized by 
automata and grammars. 


There are different types of 
languages/automata/grammars, 
appropriate for different tasks. 
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Section 2 


Language of FP (and the like) 


« A subset of all strings 


— Language = structure consisting only of a 
single set 


— For processing FP, we should not consider 
arbitrary concatenation (unlike the String 
structure in C1). l.e., not closed under 
concatenation 


E.g., 19.95 + 6.95 = 19.956.95 
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Regular Expression 


Specification (grammar) based on 


— Sequence: X Y Notation: X" =X...X 
As A, 


— Alternative: X | Y . 
— Repetition (zero or more times): X* 
Integer part: Z | (N D*) 

Fraction part (optional): P D D* 
Combination: (Z | (NV D*)) (@ | (P D D*)) 
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Group Exercise 1 


¢ FOL can be viewed in terms of the 


connection between language, grammar, 
and automaton. Complete the following: 


Language: The set of 


Grammar: Choice of symbols and rules to 


represent 
Automaton: Some machine that 
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Preliminary Specification 


* Define 
-Z={0} 
—N={I, 2, 3, 4, 5, 6, 7, 8,9} 
-D=ZUN 
-P={*’} 
¢ Integer part: Z or Nor NDorND.... 
* Fraction part (optional): PD or PDD... 
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Group Exercise 2 


* Variable name requirements in some 


programming language: 

— Must begin with an alphabetic character 
— Must consist of alphanumeric characters 
Give a regular expression that would 
specify the language (set of variable 
names) 

—A={a,b, ., z, A, B, «5 Z} 
—~N={0,1,..., 9} 
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More Examples Regular Language 
+ (a/0/B[r| ale) [3/4] 4 |k| 1M] H4|o|n\p|e[r|y|qp|x|u]4 |x} + A language that can be specified by a 
ub] 51/5] 3|Fo|a|* ”)* “abuse of notation regular expression (also called regular set) 
* ©* where ¥ = {a, b, ..., z} Ee oral Examples 
2s (e-[-eee/—0-e],...| © © | pause)* — Floating-point numbers 
¢ ((© | anti | non-)symmetric) | ((((@ | non- ~ cl apd sedtioh oe 
: : : — Valid file names specifies 
)transit) | ((@ | ir | non-)reflex)) ive) ae 4 
ay v 
¢ CV (CV)* where V = {a, ¢, i, 0, u}, C = {a, b, ..., 2} - V al a al Regular Language 


: structure, i.e., set 
¢ a” (n is a natural number) Corresponding RegExp? aul ) 
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Regular Exp 
(grammar/logic) 
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Processing Regular Languages Finite-State Automata (FSA) 


¢ Need to be able to handle ¢ A machine that consists of the three 


¥ ¥ components shown on the previous slide 
—Sequence ()——+()—+(.) + Example 


— Alternative 2A 
yO 


— Repetition (zero or more times) 


©: accepting states 
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Examples Group Exercise 3 


a*" (n is a natural number) = (aa)* ¢ Assume that all Italian words end in a or o. 
CV (CV)* where V = {a, e, i, 0, u}, C = {a, b, * Create a FSA that would consider any 
wey Z}—-V alphabetic sequence ending in a or o as 
A vending machine (M&M: $0.20) Italian words. 
st — Start the FSA at State 0 
Digital watch 


a — Create two distinct accepting states O, one 
This is (© | not) a (very)* long sentence. for a and another for o. Use these state to 


(@ | anti | non-)symmetric) | ((@ | non- identify masculine vs. feminine gender of the 
)transit) | (© | ir | non-)reflex)) ive) inpab word, 


— Use X to denote {a, D, ..., z} — {a, 0} 
cmscaio cs o multiple possible moves: casceiocs 
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FSA as a Structure 


¢ FSA = (S, J, 59, F, T) 
— S: Set of states 
— I: Set of input symbols 
— $o: the initial state, sy € S (as a constant, 0-ary function) 
— F: Set of accepting (final) states Fc S$ 
— T: Transition function: SxI1—> S 


Machine Spec __specifies _ | FSA 
(logic) (procedure/structure) 
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Applications 


Compilers 

State analysis (virtual pet) 
Valid file names 
Date/time format 
Password screening 

URL 

Unix command line 

Spell checker 
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Summary Exercise 


* [challenging] Specify the traditional Java 
comments using either a regular 
expression or a FSA. 


— You can stop at some point and hand in your 
ideas. 


* Questions/Comments/Suggestions 
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Section Summary 
Special case of language-grammar-automaton connection 


Regular Exp specifies Regular Language 
(grammar/logic) (structure, i.e., set) 


specifies 


‘equivalent = 


++] 
procedure) 


/Machine Spec| specifies | FSA 
_ (logic) | (structure) 
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Organization of Structures 


Structure 


Simplified 
n- a of sets, rels, funcs 
Xe 


Relational Digraph Language — Operational ~ 


based a single set t based on funcs 
Semigroup (e.g., Max) \ 


Graph Poset closed, as FSA 


sym ret, oer ‘tans transition func 
a: Monoid (e.g., Strings) 
Weighted graph 3 identity 
Tree weight func oo 
connected, Group (e.g., Clock) 


acyclic, rooted Boolean Algebra inverse 
complemented, distributed 
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Unit C5: Languages/Automata, 11/7/03 


Sample solutions to these exercises will be posted in the afternoon of the due date. But do these 
problems without seeing the solutions. Being able to understand provided solutions is 
completely different from being able to come up with a solution. Even an incomplete or 
incorrect answer of your own is better than understanding someone else’ answer. 


Exercise 1: Binary Number Analyzer 


Finite-State Automata (FSA) are an extremely useful tool to analyze simple patterns in input 
strings. For example, the following FSA is designed to accept a certain set of binary numbers. 


The FSA starts at State 0 (circled 0) and changes its state as the input symbols (0 and / in italic) 
is consumed from left to right. For example, if the input is 0/, the machine starts from State 0, 
moves to State 2 following the transition for the first input symbol 0, and then makes one more 
move on the second symbol / to State 1. The FSA accepts an input if it is in State 3 (a double 
circled state) after consuming all the input symbols. Thus, the input 0/ will be rejected, because 
the FSA ends up in State 1 (not a double circled state). 


A. List all the input strings of length | through 4 that will be accepted by the above FSA. 
Note: Include all sequences of 0’s and 1’s, e.g., those with leading 0’s, e.g., 010. 


B. Describe (in English) the properties shared by all the acceptable input strings (not limited to 
those listed in Question A.). 
Hint: Focus on how the acceptable inputs end. 


C. If these binary numbers are converted to the corresponding decimal numbers, the set of the 
decimal numbers can be represented as i X n + for any natural number n (with an 
appropriate fixed numbers i and j). Find the correct i and j. 

Hint: The set of even and odd numbers can be represented as 2n + 0 and 2n + 1, respectively. 


D. Give a single regular expression that would specify exactly the set of acceptable input 
strings. 
Note 1: A single regular expression can specify a set of strings. Do not give multiple regular 
expressions. 


Note 2: Strictly speaking, a regular expression consists of sets and operations on sets. Thus, 
the regular expression to represent a sequence of ‘0’ and ‘1’ must be written {O}{1}. 
However, when we deal with singletons, the expression can easily get unreadable. For this 
reason, we often abbreviate singletons such as {1} as 1, and consider 01 as a regular 
expression. 


E. If States 0 and 2 are merged, would the resulting FSA still accept the same language? 
Explain. 


Exercise 2: English Spelling 


In English, it is almost always the case that letter ‘q’ is followed by letter ‘w’ and then a vowel 


letter, 1.e., ‘a’, “e’, ‘i’, ‘o’, ‘u’. In order to represent this phenomenon, let us first introduce the 
following sets: 


e A={a,b,c,..., Zz} 
° Q={q} 

e U={u} 

e V={a,e,i,o0,u} 
e X=A-Q 


Then, the set of all the strings that abide by the above-mentioned rule can be represented by the 
following regular expression: ((QUV) | X*)* For example, esquire, queue, and quay are in the 
set, but gantas is not. 


Give a Finite-State Automaton that would accept exactly the set of strings characterized by the 
given regular expression. 


Note: Correctly indicate the start and accepting states, as discussed in class. 


Exercise 3: Musical Code Sequence 


Consider the set of musical codes, Code = {A, B, C, D, E, F, G}. Suppose that an amateur 
musician made the following discovery about the contemporary Aztec music. 


F is always followed by C. 

D and E always occur consecutively, in that order. 
A and B never appear. 

Silence is an acceptable (empty) code sequence. 


eS 


According to this analysis, we notice the following cases: 
e Acceptable sequences: FC, DEFC, GFCGEDEG, (empty code sequence) 
e Unacceptable sequences: CF, DCFE, AFCDE 


A. Give a regular expression that would accept exactly the set of acceptable code sequences. 


Hint: Identify the three components of regular expression: sequence, alternative, and 
repetition. For example, you can represent Conditions 1 and 2 as alternative sequences. 
Then, you should be able to repeat valid code segments arbitrarily long. 


B. Create a Finite-State Automata that would accept exactly the set of acceptable code 


sequences. 
Note: Make sure that the transition of your FSA is a function. That is, when a state and an 


input are specified, there must be a unique next state. 
Hint: Create a FSA corresponding to the regular expression in Question A. 


<End> 


Unit C5: Languages/Automata, 11/7/03 


Sample solutions to these exercises will be posted in the afternoon of the due date. But do these 
problems without seeing the solutions. Being able to understand provided solutions is 
completely different from being able to come up with a solution. Even an incomplete or 
incorrect answer of your own is better than understanding someone else’ answer. 


Exercise 1: Binary Number Analyzer 


Finite-State Automata (FSA) are an extremely useful tool to analyze simple patterns in input 
strings. For example, the following FSA is designed to accept a certain set of binary numbers. 


The FSA starts at State 0 (circled 0) and changes its state as the input symbols (0 and / in italic) 
is consumed from left to right. For example, if the input is 0/, the machine starts from State 0, 
moves to State 2 following the transition for the first input symbol 0, and then makes one more 
move on the second symbol / to State 1. The FSA accepts an input if it is in State 3 (a double 
circled state) after consuming all the input symbols. Thus, the input 0/ will be rejected, because 
the FSA ends up in State 1 (not a double circled state). 


A. List all the input strings of length | through 4 that will be accepted by the above FSA. 
Note: Include all sequences of 0’s and 1’s, e.g., those with leading 0’s, e.g., 010. 


Answer: 10, 010, 110, 0010, 0110, 1010, 1110 


B. Describe (in English) the properties shared by all the acceptable input strings (not limited to 
those listed in Question A.). 
Hint: Focus on how the acceptable inputs end. 


Answer: The FSA accepts binary numbers that end in 10. 


C. If these binary numbers are converted to the corresponding decimal numbers, the set of the 
decimal numbers can be represented as i X n + for any natural number n (with an 
appropriate fixed numbers i and j). Find the correct i and j. 

Hint: The set of even and odd numbers can be represented as 2n + 0 and 2n + 1, respectively. 


Answer: These binary numbers correspond to decimal numbers that are 4n + 2 for any natural 
number n. This represents {2, 6, 10, 14, ...} = {102, 1102, 10102, 1110s, ...}. 


D. Give a single regular expression that would specify exactly the set of acceptable input 
strings. 
Note 1: A single regular expression can specify a set of strings. Do not give multiple regular 
expressions. 
Note 2: Strictly speaking, a regular expression consists of sets and operations on sets. Thus, 
the regular expression to represent a sequence of ‘0’ and ‘1’ must be written {O}{1}. 
However, when we deal with singletons, the expression can easily get unreadable. For this 
reason, we often abbreviate singletons such as {1} as 1, and consider 01 as a regular 
expression. 


Answer: (0 | 1)*10 


E. If States 0 and 2 are merged, would the resulting FSA still accept the same language? 
Explain. 


Answer: Yes. Every sequence after States 0 or 2 must read 10 to reach the accepting state. 
Thus, merging these two state will not change the behavior of the FSA. 


Exercise 2: English Spelling 


In English, it is almost always the case that letter ‘q’ is followed by letter ‘uw’ and then a vowel 


letter, 1.e., ‘a’, ‘e’, ‘i’, ‘o’, ‘uw’. In order to represent this phenomenon, let us first introduce the 
following sets: 


e A=({a,b,c, ..., Zz} 
° Q={q} 

e U={u} 

e V={a,e,i,o,u} 
e X=A-Q 


Then, the set of all the strings that abide by the above-mentioned rule can be represented by the 
following regular expression: ((QUV) | X*)* For example, esquire, queue, and quay are in the 
set, but gantas is not. 


Give a Finite-State Automaton that would accept exactly the set of strings characterized by the 
given regular expression. 


Note: Correctly indicate the start and accepting states, as discussed in class. 


Answer: 


Exercise 3: Musical Code Sequence 


Consider the set of musical codes, Code = {A, B, C, D, E, F, G}. Suppose that an amateur 
musician made the following discovery about the contemporary Aztec music. 


F is always followed by C. 

D and E always occur consecutively, in that order. 
A and B never appear. 

Silence is an acceptable (empty) code sequence. 


a 


According to this analysis, we notice the following cases: 
e Acceptable sequences: FC, DEFC, GFCGEDEG, (empty code sequence) 
e Unacceptable sequences: CF, DCFE, AFCDE 


A. Give a regular expression that would accept exactly the set of acceptable code sequences. 
Hint: Identify the three components of regular expression: sequence, alternative, and 
repetition. For example, you can represent Conditions 1 and 2 as alternative sequences. 
Then, you should be able to repeat valid code segments arbitrarily long. 


Answer: (C | G | FC | DE)* 


B. Create a Finite-State Automata that would accept exactly the set of acceptable code 
sequences. 


Note: Make sure that the transition of your FSA is a function. That is, when a state and an 


input are specified, there must be a unique next state. 
Hint: Create a FSA corresponding to the regular expression in Question A. 


Answer: 


<End> 


Ex C5/C6 


* ExC5 
Vx a(x @ x) 
Vavy (x ® y) >  ® x) 
Va yz (Or @ y) A (y ® z)) > Ax @ z)) 
called intransitive 
Vadyaz (y # ZA (x ® y) A (x @ z)) 
Smallest party? 

* ExCé 

— Solutions will be posted this afternoon 
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FSA 


/ 4 NotStar si 
* 
stat @ SQ GP * Gp? / 


NotStarNotSlash 


Cf. a standard C-style comment, where all of 
the characters between /* and */ are ignored. 
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Compiler Compiler 


* Program to build compilers 

* Most compilers contain a FSA to deal with 
string patterns, e.g., FP numbers, variable 
names, comments, etc. 

¢ Acompiler compiler will need some 
specification to build a FSA. 
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Java Comments (Comp A) 


¢ A standard C-style comment, where all of 
the characters between /* and */ are 
ignored. 

* Acollection including /**/, /* */, 
/*a*/, /*b*/, etc. 
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Regular Expression 


/* NotStar* *(*)* (NotStarNotSlash NotStar* *(a)*) / 
where 

* =the set of acceptable characters 

¢ NotStar =X — {*} 

¢ NotStarNotSlash =X — {*, /} 


A variant of regular expression used in Unix 
LONE CNET © INST TON/NF IT BONA NEI NZ 
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FSA Transitions 


Transition spec: State x Input — State 
4 start / commentT1 


commentT1l * commentT2 


commentT2 NotStar commentT2 
commentT2 * commentT3 
commentT3 NotStarNotSlash commentT2 


commentT3 * commentT3 
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commentT3 / end 


Logic-Structure Connection 


Regular Exp | specifies (declaratively) | Java Comments 
(grammar/logic) (set/structure) 


k 
/* NotStar® *(*)* ( 


specifies/processes 
| 


FSA 
(procedure/logic) 


c 


start 


Nort StarNotSlash 
Transition Spec |... __Specifies/builds_ 9) = FSA 
(logic) (compiler compiler) | (Structure) 
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Poker 


Scenario 
* In Las Vegas, playing poker with $1M at stake 


Your hand: Flush (e.g., all +) 


Your guess of an opponent’s hand: Full house 
(e.g., 7%, 7%, 7¥, 84, 84) 


Forgot which one is stronger, but (strategically) 
could not ask 


So, decided to compute which one is less likely 
(lower probability) ... 


CMSC210 C6 


Probability 


One in 1,000,000 “Probability? 
10 winning tickets among 1,000,000 
Probability of an event = 


the number of possibilities for the event 
the number of all the possibilities 
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FSA Variations 


Deterministic 


— At most one transition for each pair of state 
and input 


— Transition > Function 
Nondeterministic 


— Possibly multiple transitions for each pair of 
state and input 


— Transition = Relation 
* Make deterministic for practical purposes 
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Unit C6: Counting/Probability 


Today 


* Apply probability and counting ideas to 
analyze poker hands 
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Flush 


Deck of 52 cards 


— 13 numbers (A, 2, ..., 10, J, Q, K) for four suit 
(*, ¢, 4, 4) 


A hand in poker (this type): 5 cards 
Number of different hands of Flush (F) 
Number of all possible hands (P) 
Probability = F/ P 
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Permutation 


* The number of different ordering of r 
objects taken from n objects 
— Notation: P(n, r) 
* Computation 
Pin, r)=nx(n-1)X...X(n-rt1)=nlln-7r)! 
* Example 


— Number of 3-letter words (from lower-case 
alphabet): 


P(26, 3) = 26 x 25 x 24 = 15,600 
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Group Exercise 1 


* Explain how to compute the number of all 
possible hands consisting of 5 cards (from 
the standard deck of 52 cards). 


— No need to actually calculate. You can just 
give a formula. 
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Probability Basics 


« Sample space, Q: Set of all possible 
outcomes 


* Event: A CQ. why subset, not member? 

¢ Probability measure (a function) on Q: 
Pr(A) has a real value and some other 
properties (next slide) 
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Combination 


¢ The number of different choices of r 
objects taken from n objects 
— Notation: C(n, r) 

* Computation 
C(n, r) = P(n, r)/r! =nl/(r! (n— _r)!) 

* Example 


— Number of sets with cardinality 3 (from lower- 
case alphabet): 


C(26, 3) = (26 x 25 x 24) / (3 x2 x 1) = 2,600 
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Group Exercise 2 


A. Explain how to compute the number of 
Flush hands (from the standard deck of 
52 cards). 


A. No need to actually calculate. You can just 
give a formula. 


B. Explain how to compute the probability of 
Flush 
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Probability as Structure 


Probability = (Q, Pr, R) 

¢ Q: Sample space (a non-empty set) 

¢ R: set of real numbers 

e Pr: type) 

¢ Probability must satisfy the following conditions 
° Pr(Q)=1 
*AcCQ=>PrA)>0 
¢ Pr(A UB) = Pr(A) + Pr(B) for disjoint A and B 
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Organization of Structures 


Structure 


Simplified 
_n-tuple of sets, rels, funcs 


iDigra h -—O | 
Relational/Digra erationa 
graph Language p uns \ pya 


based on a i single set pings on f 
ae 


Semigroup (e.g., Max) transition func 
Graph Poset \ closed, assoc 


ref, antisym, trans 1 
Monoid (e.g., Strings) Probability 


Weighted graph jaiicg identity Pr w/conditions 
Tree weight func 
connected, Group (e.g., Clock) 


acyclic, rooted Boolean Algebra inverse 
complemented, distributed 
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Addition Principle 


* Consider two disjoint sets of objects, 
where the first set has n elements and the 
second, m. The number of objects in the 
two set is n+ m. 


¢ Example 


— Consider 2 cats and 2 humans (and no 
hybrids). Then, there are 4 objects. 


* Implication to probability: additive as well 
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Group Exercise 3 


Rank the following hands 
* Flush (e.g., #2, #4, #5, #8, #9) 


* Four of kinds? cards (e.g., #2, #2, ¥2, 
42, another) 


¢ Full house (€.g., #2, ¢2, ¥2, &7, &7) 
¢ Straight (e.g., #2, ¢3, v4, 45, #6) 
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Multiplication Principle 


* Suppose that two events occur in 
sequence, where the first event has n 
possibilities and the second, m. The 
number of possibilities for the sequence is 
nxm. 

Examples 

— Choose 5 numbers, then choose a suit 

— Coin tossing single time vs. k times 

— Choice of 5 appetizers and 9 main dishes: 45 
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Section Summary 


* Probability 


— As an operational structure with special 
conditions 


* Counting 
— Permutation (order relevant) 
— Combination (order irrelevant) 
¢ Principles 
— Additive: independent events 
— Multiplicative: sequential events 
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Module C Evaluation Workshop 


* Fri., Nov. 14, class time (next class meeting) 

+ Review the relevant part of the syllabus and the on-line handbook 
* Re-use your manila folder or large envelope 

* Complete and bring “Take-Home Exercise Self-Evaluation Form” 


(distributed today) along with exercises 


+ Exercise C5 will be checked on Tue. Solutions available that day. 
* Complete and bring “Module C Comprehensive Exercises” 


(available on-line) 


* Group evaluation sessions (open book): 20 min x 3 
* “Comprehensive Exercise Self-Evaluation Forms’ will be distributed 


that day (no need to print in advance) } 


+ Submit all materials at the end of the s 
+ Mini Project Phase 2 due on Tue., No 
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Unit C6: Counting/Probability, 12/1/03 


This is an additional exercise for practice. Sample solutions will be posted later. 


Exercise 1: Poker 


Find the probability for each of the following hands in the game of Poker (consisting of 5 cards 
using the standard deck of 52 cards). 


Flush (e.g., 2, 4, #5, #8, #9) 

Four cards (e.g., #2, #2, ¥2, #2, another) 

Full house (e.g., #2, #2, ¥2, &7, #7) 

Straight (e.g., #A, 2, 43, @4, #5; or #10, J, VQ, &K, &A; but not #Q, ¢K, vA, 42, 
#1, 1i.e., A can be used as 1 or 13) 

Straight flush (e.g., ¥2, ¥3, ¥4, ¥5, ¥6, again, A can be used as 1 or 13) 

Three cards (e.g., #2, 2, ¥2, &4, &7) 

Two pairs (e.g., #2, 2, ¥5, &5, #8) 

One pair (e.g., #2, 2, ¥4, &6, &7) 


Note: For each hand, show how to compute the exact number of possibilities and give an 
approximate probability (1 to 2 significant digits). 

Answer: 

The information in [ ] is explanation, not part of the expression. 


Flush: C4, 1) {choose suit] % C3, 5) {choose any 5 cards for the suit] = 5,148 ways > 0.002 

Four cards: 15, 1 ){choose a#] X C4, 4) choose all suits] C12, 1){choose another #] * C4, 1) {chose a suit] = 
624 ways => 0.00024 

Full house: C(13, 1) {chose a # (for 3 cards)] X C(4, 3){choose 3 suits) X C(12, 1) {choose another # (for a pair)] X 
C(4, 2) {choose 2 suits] = 3,744 ways => 0.0014 

Straight: C( 10, 1) {choose the starting # between A and 10] x C4, LY ee any suit for each of the 5 #’s] =10,240 
ways => 0.004 

Straight flush: C10, 1) [choose the starting # between A and 10] x C(4, 1) {choose a suit for the first #] x cad > 1)*tthe 
suits of the other 4 cards is fixed] = 40 ways > 0.00014 

Three cards: C3, I )itinase a#] x C(4, 3) [choose a suit] x C12, 2) ichonse two other #’s] x Ci4, ics 
suits for the 2 #’s] 0.02 

Note: It is not correct to use C(12, 1) x C(11, 1) instead of C(12, 2) because C(12, 1) x C(11, 
1) = P(12, 2) # C(12, 2) 

Two pairs: iS, 2 Newaase two #’s] x C(4, oT eee suits for the 2 #’s] x Ci L D petecieiee another #] x C4, 

1) [choose a suit] — 0.05 

One pair: C13, Lies a#] x C4, ich 2 suits] x C(12, ilu 3 other #’s] x C4, 7 tice suits for 
the 3 #’s] => 0.4 


<End> 


CMSC210 Module C Comprehensive Exercises 
Due at the beginning of the class meeting on 11/14/03 


1. String Theory 


Weird things do happen. Philosophers, Philanthropists, and Physicists may all have their own 
ideas about how to explain such things. For example, some Physicists believe that weird things 
can happen because we live in a modest 1 1-dimensional world as predicted by “String Theory.” 


Note: If you are slightly interested in this theory, visit the official (?) web site: 
http://superstringtheory.com/. Or, you can also borrow from the instructor a video recording of a 
recent PBS program NOVA: “The Elegant Universe.” But as in some previous exercises, that 
will not likely to be helpful to do this exercise. 


In a class, we noted that Boolean Algebra could be used to visualize a multi-dimensional world. 
Then, maybe we can explore a bit of String Theory using Boolean Algebra, formally represented 
as Bool = (B, -, LU, ', Top, Bottom). Here, we use the operation/function symbols from Set 
Theory and two constants with names that correspond to their positions in their Hasse diagrams. 


A. (i) Give the cardinality of B that would represent an 11-dimensional world. (ii) Formally 
define B (for the same 11-dimensional world) using a method of your choice [not wise to use 
the list notation, though]. 


B. Draw a Hasse diagram of the poset equivalent to the Boolean Algebra discussed in Question 
A. 


Note: Do not even attempt to draw the entire Hasse diagram, which will be HUGE. Limit 
your drawing to the elements directly connected to Top or Bottom, and then draw a blob, 
dotted lines, and/or some sort of indication how the remaining elements could be placed. 


C. Consider the Boolean Algebra discussed in Question A and schematically represented in 
Question B. (i) If you interpret this Boolean Algebra in the context of computer architecture, 
what can you say? (ii) Would a typical 32-bit computer architecture be capable of computing 
logical and and or of the values in B by applying one of the operations (corresponding to M, 
U, and ') just once (1.e., in a single CPU cycle)? Explain. 


D. Consider the poset equivalent to the Boolean Algebra discussed in Question A and 
schematically represented in Question B. Then, imagine the following scenario: due to some 
change in the universe, the poset (as viewed through its Hasse diagram) suddenly lost the Top 
element and all of its connections. Let’s call the structure after the change Crunch. (i) 
Would Crunch still correspond to a Boolean Algebra? (ii) Is Crunch still a poset? 


E. (i) Discuss why not all the phenomena around us can be represented as a Boolean Algebra. 
(ii) Then, also discuss the implications of being able to represent an 1 1-dimensional world as 
a Boolean Algebra, in connection to your discussion of (i). 


2. Program Flow Analysis 


When a compiler translates a high-level language (e.g., Java, entry || 
C++) into the target machine language (e.g., for an Intel or | 
SPARC processor), it analyzes the given program with respect z>1|2 
to many properties. One aspect involves how program a 
statements (commands) are executed and how variables ae 
(internal storage of numbers and other things) are assigned Alp ey ese 
values N 
Y 


The diagram at right is an example of analyzing a small portion 

of a program. Boxes represent states (numbered for referencing 
ins exit | 67 

purposes) and arrows represent state transitions. For example, 

State 2 occurs after State 1. “Y’/‘N’ indicates a conditional 

branch based on value comparison (e.g., Z > 1), but this point is not relevant in this exercise. 


A. Formally represent the diagram as a digraph, focusing on the states and transitions (do not 
even think about the content in each box and ‘Y’/‘N’ indication), and call it Flow. All the 
structure components must also be formally defined. 


B. Would it be possible to modify the diagram so that it can be represented as a “tree,” while 
program flow represented by the modified tree diagram would remain the same as the 
original diagram? Explain. 


Hint: Would splitting State 6 into two separate states, say, States 6a and 6b, change the 
ability to analyze the same program? 


C. We can conclude that the program segment represented by the flow diagram is guaranteed to 
terminate after some finite steps of transition. What property of a graph can guarantee 
program termination? Explain. 


Note: You must be specific about the distinction between digraph and undirected graph. 


D. Suppose that someone added one more state to the diagram (where and how it is added is not 
disclosed to you). (i) Discuss whether the modified diagram has a corresponding Boolean 
Algebra. (ii) Discuss whether the digraph corresponding to the modified diagram is a poset. 


E. Discuss whether the (original) diagram can be represented as a Finite-State Automata (FSA). 
If yes, what would be the structure that is specified by the FSA (when the FSA is seen as a 
kind of logic)? If no, explain why not. 


F. Suppose that you are given a diagram of another program section and found that the 
corresponding graph representation is not “connected.” What would be the implication of 
this finding? 


3. Advanced Web Search 


There is no doubt about the usefulness of web search engines, e.g., Google. However, in certain 
cases, you might want to use more advanced search criteria such as the following: 


Search Criteria 


1. 


2; 


Find all and only the documents that contain hot and dog in that order, but not necessarily 
next to each other. 

Find all and only the documents where every occurrence of cat is followed by woman. 
However, cat is not required and woman can appear freely in addition to the required 
positions. 

Find all and only the documents that contain even number (including zero) of any of the 
following in any order: no, non, nao, and nyet. 


Let us limit the discussion to the set of printable ASCII characters and denote it as &. That is, © 


ey 


= {‘’ (space), ‘!, ...,0, 1, ...,9,..., A, B, ..., Z, ..., a, b, ..., Z, ... ‘~’ }, where special symbols are 
single-quoted. 


A. 


Let’s hope that Google would eventually accept regular expressions as their inputs. Give a 
regular expression corresponding to each one of Search Criteria. 


Note: There are variants of regular expressions. Use the notation discussed in class slides. 


. For each of the regular expressions you obtained in Question A, define an equivalent Finite- 


State Automaton (FSA). 


Note: Use the diagram notation shown in class slides, including the indication of the start 
state, input symbols, transitions (directional), and accepting/final states. 


(i) Explain what kind of structure would a regular expression (viewed as a kind of logic) 
specify. (ii) Explain what kind of structure would a FSA (also viewed as a kind of logic) 
specify. (iti) Identify the learning goal that is most relevant to connecting your answers to (1) 
and (ii) above. Explain. 


Hint: Review the definition of “language.” 


. Although we viewed FSA as a kind of logic (i.e., a means to specify certain structure), it is 


also possible to view them as a structure. In fact, the formal definition of a FSA take the 
form of a structure, i.e., an n-tuple with sets and functions. In this view of FSA’s, what 
would be the logic part that would specify a certain collection of FSA’s? 


<End> 


Defining % (remainder)? 


‘%’:NxN—ON 

“% = {(C, 1), 0), (1, 1, 0), ..., (0, 2), 0), (A, 
2), 1), ...} infinitely many members! 

‘%’ = {((x, y), 2 |z=x %y} circular! 

‘%’ = {((x, y), 2) |x=yXn+z for some n, 
where x, y,n,z¢€ Nand z<y} 
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Review: Set Definition 


Finite sets 

— Can be defined using the list notation 

Infinite sets Does infinity exist? Useful? 
— Cannot be defined using the list notation 

— Could be defined using the predicate notation 
— Must avoid circular definitions 

— Could be defined in terms of more primitive 


sets 
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Module D 


Foundation 


Most abstract “Moved toward the end 
Intellectual challenge ~ problem solving 
skills ~ mathematical reasoning skills 


Tools to convince others (who understand logic 
and mathematics, e.g., people in science and 
engineering) 
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How to define these? 


Addition 

Natural numbers 

Strings 

Cities which can be traveled from Trenton 
by driving 

All of your ancestors “Are they all human? 
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Hypothesis 


¢ If we can define the set of natural 


numbers, we can define all sorts of infinite 
sets. 


* Consequence: You can define even 


PingPong (including ‘%’) completely 
formally. 
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Unit D1: Sets 


Today 
¢ Defining natural numbers 


¢ Understand and use inductive definition of 
a set 


* Take-home exercises 
— Web pages, Foreign policy 
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Section 1 


Defining Natural Numbers Group Exercise 1.1 


* Consider a collection of structures Nat, = 
statements (A, <, 0) specified by the following: 


* To specify a structure that would contain N 1. Ax (x =0) 
(the set of natural numbers) as the primary 2. Wxdy (x <y) x<yis abbreviation forx<yax#y 
set (called carrier) + Identify multiple instances of Nat, that 
would satisfy the conditions 
— Number of elements? 


Will make several attempts — Represent schematically 
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* Approach: Specification using logical 
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Group Exercise 1.2 Group Exercise 1.3 


* Consider a collection of structures Plot, = 


* Consider a collection of structures Obj, = 
(O, 3<, 6) specified by the following: 


(O, noHigherThan, Bottom) specified by 
the following: x below y is abbreviation for 1. Ax (x =¢ ) xoc y is abbreviation 
1. Ax (x = Bottom) x noHigherThan y \x#y 2. Vxdy (x de y) forx3< yAx#y 
2. Vxdy (x below y) = VxAy (y above x) + Identify multiple instances of Plot, that 
* Identify multiple instances of Obj, that would satisfy the conditions 
would satisfy the conditions — Number of elements? 
— Number of elements? — Represent schematically 


— Represent schematically 
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More Things to Check Group Exercise 2 


* Consider a collection of structures Nat, = 
(A, succ, 0) specified by the following: 


Linear? 


Least element? 
Hasse diagram? l.e., poset? 1. Ax (x= 0) succ for successor, but do not 
2. Vxdy (y = succ(x)) be trapped by assumptions 


Smallest structure? 
¢ Identify multiple instances of Nat, that 


would satisfy the conditions 


— Number of elements? “Think flexibly. 


— Represent schematically 
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Conditions for Natural Numbers 


« Linearity ~ special case of poset 
« Least element 
* Intended meaning for ‘<’ and succ 
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Nat, = (A, <, succ, 0) 


Poset suce for successor 
© Vx (x <x) x<yis abbreviation for x<yAx#y 


© VxVy (xSyAySx)Ox=y) 

© VxVyVz (x <yAy<z)9x<2z) 
Linearity: VxVy «@<yvy<x) 
Least element: Vx (0 <x) 
Definition of succ 

© Vxdy (x #0 > x = succ(y)) 

© VxVy (x < succ(y) @ x Sy) 
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Section Summary 


* It is possible to define the set of natural 
numbers using the logic-structure 
connection. 

Disadvantages 
— Complicated 
— Still unintended structures 


Need for a convenient pattern to define 
infinite sets 
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Specifying Natural Numbers 


Nat, = (A, §, succ, 0) 
Conditions 

— Poset 

— Linearity 

— Least element 

— Definition of succ 
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Digression: Hidden Problem 


* The conditions for Nat, can be satisfied by 
many unintended structures. 


* In fact, there are infinite many of them. 
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Strings 


String = (5S, +, €) 
* S: set of all strings 
* How to define A formally? 
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Section 2 


Inductive Definition of N 


Base case:0¢N 


Induction step: If xe N, succ(x) e N 
Exclusion clause: Nothing else is in N. 


Abbreviation/alternatives 

— Inductive definition: recursive definition 

— Base case: Base, basis 

— Exclusion clause: Exclusion ‘In FOL? 
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19 


Integers 


Define the set of integers: / 
¢ Assume: prev = succ"! (i.e., the inverse) 


Base: 
Induction step: 
Exclusion: 
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Ancestors (1) 


* Define the set of your ancestors: A 


¢ isParentOf:A XA 
* Base: youe A 
* Induction step: 


¢ Exclusion: Nothing else is in A. 
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Essence of Inductive Definition 


¢ Base case 


— Specification of starting members (finite 
number) 


* Induction step 


— Specification of how to grow the set 
(potentially infinitely) 


¢ Exclusion clause 
— Specification of how to stop the growth 
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Strings (Group Exercise 3) 


* Define the set of strings: 5 
¢ Y= {a,b,c, ..., z} 
¢ attachChar: Sx LS 
Base: 
Induction step: 
Exclusion: 
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Ancestors (2) 


Define the set of your ancestors: A 

* parents:A —_____ (returns all the parents) 
Base: you e A 

Induction step: 

Exclusion: Nothing else is in A. 
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Cities 
Define the set of cities drivable from 
Trenton: C 
— drivableFromTo: C x C 
Base: Trenton € C 
Induction step: 
Exclusion: Nothing else is in C. 
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Summary Exercise 


* Can you define all the possible chess 
positions inductively? [no need to actually 
do this; just explain whether you can do it] 


* Questions/Comments/Suggestions 
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Section Summary 


* Inductive definition is a convenient way to 
precisely and concisely define potentially 
infinite sets. 

— Cf. the definition of Nat, in Section 1 
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Unit D1: Sets, 11/18/03 


Exercise 1: Web Pages 


A. Inductively define exactly the set W of all the web pages that are linked directly or indirectly 
from the TCNJ home page. 


Consider a structure Links = (W, —) where W is as defined in Question A above and ‘—>’ is a 
relation of the type W x W, where “x — y” means “page x has a direct link to page y.” 


B. Analyze whether Links is one or more of the following: poset, digraph, undirected graph, 
tree. Note that you must carefully analyze the properties of ‘“—’. 


C. Suppose that a web search robot starts collecting all the pages linked from the TCNJ home 
page. What kind of potential problem the robot might encounter? Again, refer to the 
properties of ‘>’. 


Exercise 2: Foreign Policy 

Suppose that you are the foreign minister of a country whose foreign policy is that “an enemy of 
an enemy is a friend.” In a UN session, you must defend this policy. Here, consider two 
symmetric relations enemyOf and friendOf, both, of the type E x E, where EF is the set of entities 
(e.g., individuals/countries). For example, friendOf(Sam, Francois) means “Sam is a friend of 
Francois.” 


First, you insist that every other country is “either with us or against us.” A more general form 
of this position can be stated as follows. Condition 1: enemyOf is the complement of friendOf. 
You tried to argue for your policy based on this condition, but most other countries are not 
convinced. 


A. Analyze why most other countries are not convinced, referring to relevant concepts in 
discrete math (i.e., not referring to your belief, religion, philosophy, etc.). 


Next, you drop Condition | and consider the following alternative. Condition 2: enemyOf is 
intransitive, i.e., VxVyVz ((enemyOf(x, y) A enemyOfty, z)) + senemyOf(x, z)). You tried to 
argue for your policy based on Condition 2, but most other countries are still not convinced. 

B. Analyze why most other countries are not convinced, referring to concepts in discrete math. 


As a third attempt, you combine Conditions | and 2. 


C. Would it be possible to support your foreign policy? Explain, referring to concepts in 
discrete math. 


It became clear that other countries would not accept Conditions | and 2 for the first place. So, 
instead of characterizing friends based on enemyOf, you now try to define exactly the set F of 
friends recursively (assuming that friendOf is transitive). 

D. Inductively define the set F. 


You must have exehidedincluded an “exclusion clause.” However, imagine that your partner in 
an evaluation workshop forgot it. Of course, without it, some unexpected result may surface. 


E. Explain why the lack of exclusion clause would fail to define the set F correctly. 


Hint: Consider Hans ¢ F and his friends. 


<End> 


Module C Comprehensive 


° Verify the on-line record [the grades page] 
* No review period 
— But encouraged to discuss it with the 


instructor “No negotiation 


¢ Return the package today 
— May take home if returned by coming Tue. 
— Available for review in the instructor's office 
¢ Mini Project Phase 2 


— Review and include it in the Final Package 
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Section 1 
Example Relations 


Weeding 


— Relation: “is connected to (through the root 
system)” 


Academic integrity 

— Relation: “shares information with” 
Room temperature (temp. zones) 
— Relation: “has opening to” 


Flash Psychic ‘Properties? 
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Equivalence Class 


« A subset that are mutually related through 
an equivalence relation 


— Notation: [x] (equivalence class including x) 


* (more formally) For an equivalence relation Rc A xA, X 
is an equivalence class if X CA and Vx, ye X ((x, y) € R) 
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Unit D2: Relations 


Today 


¢ Understand and use equivalence relation, 
equivalence class, and partition 


* Prove certain properties of relations, etc. 


* Take-home exercises 
— Space stations, Bogus proofs & paradoxes 
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Equivalence Relation 


Relation with all of the following properties: 
— Reflexive 


— Symmetric 
— Transitive 


* Cf. the relation in a poset 
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Partition 


* The set of equivalence classes 
iD 


eg> [ 7a 
, gQ/ \\, Kemer 
( d.. a \\p 
Ne ead 


¢ Properties 
— The subsets are all disjoint. 
— The union of the subsets covers the entire set. 


* (more formally) For an equivalence relation RCA xA, 


the partition of A is defined as {[x] |x € A} 
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Group Exercise 1: Weeding Group Exercise 2: Flash Psychic 


* Informally describe the involved equivalent 
relation R between the numbers on the number- 
symbol correspondence charts 


: Deline ine SaNalence eratien * Formally define the partition induced by R 
¢ Find all equivalence classes 


¢ Find the partition 
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Section 2 
Section Summary Mathemagic 


* Equivalence relation * Question: Is 0.999... equal to 1.0? 
— Reflexive, symmetric, transitive relation 

¢ Equivalence relation forms equivalence 
classes. 

¢ Equivalence relation induces a partition 
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Proof Structure Generalized Flash Psychic 


Hypothesis: 0 > f, 0 * Hypotheses 
Proof of f from the above hypothesis * mis a positive integer. 
o=f [hyp] * R= {(x, y) | (@ mod m) = (y mod m)} 


[hyp] + proof * Conclusion: 
3. f [MP: 1, 2] Ris an equivalence relation. 


* Note: x mod y is the remainder of x divided by y. 
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Proof 


R is reflexive. [Lemma 1] 
R is symmetric. [Lemma 2] 
R is transitive. [Lemma 3] 
R is an equivalence relation. 

[Def. eq. rel. 1.-3.] 


Note: Lemma = preliminary theorem 
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Lemma 2: R is symmetric. 


Def: For any x, y, if (x, y)e R, then (y,x)e R 
Hypotheses 

* mis apositive integer. 

* R={(x,y)| (mod m) = (y mod m)} 

* (yeR 

Conclusion: (y, x) € R 

1. (x mod m) = (y mod m) [Hyp.] 
2. (y mod m) = (x mod m) 

3. Ris symmetric. [Def. symmetric] 
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Prove 
¢ There is a country where the breakfast is 


served with boiled eggs cooked for either 
5 or 8 minutes. 
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Lemma 1: R is reflexive. 


Hypotheses 

* mis a positive integer. 

* R={(x, y)| (x mod m) = (y mod m)} 
Conclusion: For any x, (x,x)¢ R 

1. (x mod m) = (x mod m) [Def. function] 
2. Ris reflexive. [Def. reflexive] 
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Lemma 3: R is transitive. 


Def: For any x, y, z, if (x,y), @, 2) € R, then(@,z)ER 
Hypotheses 

* mis a positive integer. 

* Rz={(x,y)|(« mod m) =(y mod m)} 

* @&y,O0ER 

Conclusion: (x, z)<¢ R 

1. (x mod m) = (y mod m) [Hyp.] 
2. (ymod m) = (z mod m) [Hyp.] 
3. 

4. Ris transitive. [Def. transitive] 
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Disprove 


¢ There is a unicorn in this room. 
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Prove or Disprove 


¢ There is a cave system whose total length 
reaches hundreds of miles. 


— Imagine a tunnel from Philadelphia to, say, 
Boston 
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Proof/Disproof Strategy 


To prove a general statement, follow the proof pattern 
discussed in Unit B5. That is, identify the hypotheses (if 
any) and the conclusion, number proof steps, and give 
justification for each step. 


To disprove a general statement, give a counterexample. 


To prove an existential statement, give an example 
[proof by existence/example]. 
To disprove an existential statement, follow the proof 
pattern as noted above and justify that there is no such 
thing. 

* If not sure to prove/disprove, try both. 
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Section Summary 


* Roles of logic 
— To specify structures 
— To justify by proving or disproving (semantically 
correct syntactic manipulation) 
* Approaches to proof 
— General statement (formally, Vx ...) 
+ Prove: Cover all possibilities 
+ Disprove: Counterexample 
— Existential statement (formally, Sx ...) 
+ Prove: Example 
+ Disprove: Cover all impossibilities 
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Prove or Disprove 


¢ Nondeterminism can be simulated as 
determinism applying the idea of “power 


” 


set. 


* Note: Try this in terms of FSA’s 


a 
b 
G+ AD 
= 
b 
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Review: B5 


Proof Methods Summary 


¢ Direct proof: Straightforward proof of a 
conclusion from hypotheses (if any) 
— Proof by cases: Prove exclusive and 
exhaustive cases separately 
* Indirect proof: Uses a proof of a 
proposition different from the conclusion 


— Proof by contradiction: Assume the negation 
of the conclusion and derive a contradiction 
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Summary Exercise 


Hypothesis: Direct or indirect interaction 
between objects in the universe is an 


equivalence relation. 


Make up your own universe. 


Prove or disprove: The universe is a partition 
(induced by the above equivalence relation) with a cardinality 


greater than 1. 


— If difficult, explain why (definition? proof step?). 
[optional] Philosophical implications of your 


answer? 


Questions/Comments/Suggestions 
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Unit D2: Relations, 11/21/03 


Exercise 1: Space Stations 

Imagine a huge network of space stations () organized on a two-dimensional (2D) space, as 
shown below. Stations have direct communication links to the neighboring stations (solid line). 
Through possibly multiple connections, every station can communicate with any station in the 
network. Although the leftmost and the bottom boundaries of the 2D space are bounded as in the 
diagram, we assume infinitely many connections upward and rightward, considering the huge 
size. The stations can be identified as a pair of natural numbers, as shown in the figure. 


(0, 2) “ 
(0, 1) _ 


(0, 0) (1, 0) (2, 0) 


A. Formally define the relation C, with the meaning “can communicate with” (between space 
stations). You may use N (the set of natural numbers) in your definition. 


Hint: There are different ways of answering this question. One answer is very short. 
B. Prove that C is an equivalence relation. 


Note: Try to follow the proof pattern shown on slides. However, you do not need to use 
lemmas if you feel more comfortable proving without them. 


C. Due to the sudden appearance of a black hole, we are told that two distinct stations (x1, y1) 
and (x2, y2) cannot communicate at all (not even indirectly). Is C still necessarily an 
equivalence relation? Explain carefully by also referring to equivalence classes and partition. 


Exercise 2: Bogus Proofs and Paradoxes 

There is a proverb: “logic is a way to go wrong with confidence.” Occasionally, this seems quite 
true (although we won’t be able to prove or disprove this proverb). To understand proofs well, 
we will examine some bogus proofs and paradoxes in this exercise. 


A. There is a problem in the following attempted proof (by contradiction). Explain the problem. 


Statement to prove (from no hypotheses): “God exists.” 


Proof attempt 
1. The word God exists. [any dictionary] 
2. | Suppose that God does not exists. [hyp to reject] 


3. | Then, there must not be the word God. [2.] 
4. | A contradiction. [1., 3.] 
5. Therefore, God exists. [proof by contradiction: 2.-4.] 
Note: Naturally, the existence of a bogus proof does not disprove the statement. 

B. (i) Analyze the truth value of the following statement: “This sentence is false.” (11) Speculate 
whether or not this statement can be formally represented in First-Order Logic (FOL). (iii) If 
it is possible to represent this statement in FOL, what can you conclude? 

Hint: For (1), consider the following two cases: the entire statement is (a) true and (b) false. 
Note: (ii) and (11) are challenging. Try your best. 

C. Create your own example of either (i) a bogus proof or (ii) a logical paradox. The example 

must be unique to you (i.e., different from class examples/exercises or shared by your 


collaborators). 


Alternative: If it is difficult, you may do a web/library search and find such an example. In 
this case, clearly indicate the source of the information (e.g., URL). 


Note: In case you were unable to find one despite your effort, explain what you did. 


<End> 


Unit D2 Exercise: Supplemental Notes, 12/1/03 


Exercise 2 


B. 
(ii) 


(iii) 


<End> 


The paradoxical statement can be represented in FOL. The key is that it is possible to 
define the notion of “this” in FOL. The idea is as follows. By properly coding the 
symbols used in FOL, it becomes possible to label all the FOL statements with sequential 
numbers. That is, all the FOL statements can be ordered linearly (imagine a dictionary of 
FOL statements). In addition, it is also possible to refer to natural numbers in FOL. 
Then, we can imagine a situation where statement i expresses that “statement / is false,” 
corresponding to “this sentence is false.” 

One of the consequences of (ii) is that there are FOL statements that cannot be proven 
true or false (undecidability). We can also show that certain true statements cannot be 
proven (incompleteness). The latter finding by Kurt Gédel (around 1930) was a huge 
blow to the mathematics community. The idea certainly stop the attempt of Bertrand 
Russel to formalize all of mathematics in FOL. To summarize, there is a limit to FOL 
and mathematics like everythings else. One of the greatest discovery in math is that they 
realized this point. It’s probably the same for us regarding other things. Meta-cognition 
of understanding self-limitation will be a powerful tool for us to advance cautiously. 


Digression: Real Numbers 


N: the set of natural numbers (inductively defined) 
f.N- (0, 1, ...,9} and de N (for exponent, decimal position) 
Define a real number as x = (f, d), €.g.: 
© ({(i,9) [ie N}, 0) <> 0.999... 
* ({(0,0)} U {G,9) |i e N,i> 0}, 1) 0.999... 
* ({, D}U {G,0)| ie Ni > 0}, 1) 1.000... 
* ({(O, 1), CZ, 2), (2, 3)} U {G, 0) | ie N,i> 2}, 3) <> 123.000... 
R: the set of all x’s 
+ No arithmetic operations can distinguish 1.000... and 0.999.... 
E.g., 1.000... — 0.999... = 0.000..., 1.000... / 3 = 0.999... /3 
+ Partition induced by ‘=’: {..., [0.999...], ...} 
+ [0.999...] = [1.000...] = {0.999..., 1.000...} 


|R| = |P(N)| > [NI 
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Review 


Properties of Relations/Functions 


Check properties only for applicable cases 
* Relation _x_ 
° AxA => Reflexivity, symmetry, transitivity 
* Function_—_ 
* Closedness, sujectivity, injectivity, bijectivity 
° AxA—A = associativity, existence of an identity 
element, existence of inverses, commutativity 


+ If negation also available = De Morgan 
+ If two functions available = Distributivity 
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Unit D3: Functions 


Today 


¢ Understand and use recursive function definition 
on numbers 


Explore more variations of recursive function 
definition 
Prove/disprove properties of functions 


Take-home exercises 
— Propositional logic, String operations [optional] 
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D2: Correction 
Lemma 2: R is symmetric. 


Def: For any x, y, if (x, y) e R, then (y,x) eR 
Hypotheses 

* mis apositive integer. 

* R= {(x, y)| (* mod m) = (y mod m)} 

* GyeR 

Conclusion: (y, x) € R 

1. («mod m) = (y mod m) [Hyp.] 
2. (ymodm)=(xmodm) [__symmetric='_] 
3. Ris symmetric. [Def. symmetric] 
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Minimalist Approaches 


Computer design 
— Using only ‘or’ and ‘negation’ circuits 
— Step 1: Build ‘adders’ 
— Step 2: Build ‘multipliers’ 
— Step 3: Build ‘remainder’ 
¢ Arithmetic 
— Using only 0 and the successor function 
— Define ‘addition’, ‘multiplication’, ‘remainder’ 


Aecigis “Other examples? 


Section 1 


Building Blocks 


Nat = (N, succ, 0) 

¢ N: the set of natural numbers 

e succ.N—3N abbreviation: suwcc(x) as “x + 1” 
—E.g., succ(0) = 1, succ(1) = 2 

° 0: 3N 


¢ This structure (including its components) 
can be defined/specified inductively [D1]. 
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Addition 


¢ Adefinition based on 0 and succ (and this 
function itself) abbreviation: add(x, y) as “x + y” 


if x=0 


y 
add(x, y)= ie (z, suce(y )) otherwise 


where succ(z) =x 
* Using — 1’ as shorthand eee: 


dit) y if x=0 
add (x, y)= 
a aed (x=1, succ(y)) otherwise 
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Programming Languages 


¢ Recursion 


— General way of representing everything 
computable, including iteration 


* Iteration (loop) 
— Special case of recursion 
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Group Exercise 1: Multiplication 


* Recursively define multiplication based on 
0, succ, and add (and this function itself) 
May abbreviate muli(x, y) as “x x y” 


mult(x, y) = 
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Recursive Function Definition 


ifx=0 < ‘base case’/‘basis’ 
(x-1, succ(y)) otherwise ¢_ ‘induction (step)’ 


add(x, =| 


y 
add 


¢ Recursive definition: function vs. set 
— Both have the base case and induction step 
— Exclusion clause: only for set definition Why? 


Another comparison point 

* Set: Grow the set 

+ Function: Reach the base case 
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Practice: Addition (Alternatives) 


¢ Which is the correct alternative definition? 


een y if x=0 
eee succ(add,(x-1,y)) otherwise 


Try add(2, 3) 
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Practice: Factorial 


* A definition based on the previously- 
defined functions (and this function itself) 


| 
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abbreviation: factorial(x) as “x!” 


Practice: ‘<’ 


* A definition based on the previously- 
defined functions (and this function itself) 


- Note: Assume some fixed c 
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Group Exercise 2: Permutation 
* Recursively define permutation based on 


the previously-defined functions (and this 
function itself) 


Pin, r)=n'/l(n-r)! 
=nxX(n-1)X...X(n—-r+t+ 1) 
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Try PG, 3) 


Section 2 


Group Exercise 3: String Length 


Strings = (2, &*, attachChar, e) 
* Z: the set of printable characters 
* &*: the set of all strings 
¢ attachChar: X* x X > X* 
eer * 
* N: the set of natural numbers (including 0) 
* Recursively define a function /ength of the type 
&* + N that would compute the length of a 
string. 
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Practice: Remainder 


* A definition based on the previously- 
defined functions (and this function itself) 


¢- Note: Assume some fixed k 


vod =| 
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Section Summary 


Recursive function definition is a means to 
define any function (numeric or non- 
numeric). 

Recursive definition can represent 
potentially infinite phenomena in a finite 
manner. 

Recursive function definition 

— Base + Induction step, NO exclusion clause 
— Computation will stop at the base case. 
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Practice: Producer-Consumer 


¢ Condition for termination? 
m if m>9 

produce(m) = . 
consume(m x1.25) otherwise 

m if m<1 


produce(m x 0.75) otherwise 


ere 


Mutual recursion 
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Summary Exercise 


Section Summary 
* Describe your readiness for today’s take- 
home exercises 
— Propositional logic: check wff, find the truth 
* The notion of “computation” can be value 
— String operations: e.g., replace substring 


completely formalized with recursive 
functions. * Questions/Comments/Suggestions 


* Recursive function definitions 
— On non-numeric objects 
— Depending on other recursive functions 
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Unit D3: Functions, 11/25/03 


Exercise 1: Propositional Logic 


As discussed in class, recursive function definition is one of the most powerful tools in Computer 
Science. Anything computable can be defined recursively. Although we spent more time 
discussing recursive functions on numbers and some other simple objects, they can also be used 
for more complex objects. In this exercise, we define a few operations for analyzing formulas in 
propositional logic. 


First, consider a function isTrue that would return the truth value (either T or F) of the given wff. 
For example, isTrue would evaluate various wff’s as follws (when the propositional variables p 
and q are assigned T and F, respectively): 


e isTrue(p) = T 

e isTrue(q) =F 

e isTrue(p Vv q)=T 

e isTrue((mq V =p) ©& (q > p))=FT 


This function isTrue can be defined recursively as follows (with a few blank lines): 


isTrue(f) = 

e T if f is a propositional variable and its truth assignment is T 

e T if fhas the form 7g and isTrue(g) is F 

e T if fhas the form g A h, and if both isTrue(g) and isTrue(h) are T 

e T if f has the form g v h, and if (i) 
e T if fhas the form g > h, and if Gi 
e T if fhas the form g © A, and if Gi) 
e 6F otherwise 


Notel: The above formatting is slightly different from the ones used on lecture slides. However, 
you must be able to understand how to read it. 


Note2: To clarify the evaluation process, some wff’s involve parenthesis, ( and ). The above 
recursive function definition omits reference to parentheses for simplicity. 


A. Fill in the three blank lines labeled (i) through (111) so that the recursive function definition 
works as we expect. 


B. Explain how to use isTrue above in order to find out the truth value of p A q (assuming the 
same truth value assignments, i.e., p is assigned T). Do this step by step. 


C. Explain how to use isTruve above in order to find out the truth value of —p (assuming the 
same truth value assignments, i.e., p is assigned T). Do this step by step. 


In the above, we assumed that the input for isTrue is well-formed. However, imagine you write 
a program to implement the above recursive function. The user may enter non-wff’s. In order to 
use only forms that are acceptable for isTrue , you will need to check whether the input is a wff. 
To do this, we can also define another recursive function isWff that would return a truth value 
(either T or F) based on its well-formedness, given any formula (wff’s and non-wff’s). For 
example, isW/f would evaluate various formulas as follws: 


© isWfq)=T 

e isWiip A qg=T 

°¢ isWi{(-q v =p) ©— (q > p))=T 

° isWihi(-q v =p) © (q 4 > p))=F 


Note: The return values reflects the well-formedness of the formulas, not their truth values. That 
is, a wff may be T or F. On the other hand, it is impossible to evaluate non-wff’s with respect to 
truth values. 


D. Recursively define isW/ff. 


Hint: The definition is expected to be simpler than that for isTrue. 


Exercise 2: String Operations 
[optional, but highly recommended] 


There are many areas where recursive functions are very useful. Here is one such example. If 
you attempt and understand this exercise reasonably well (maybe after the instructor’s feedback), 
it is likely that you can do well in many intermediate/advanced Computer Science courses, 
because the exercise touches upon several important points in the field. 


In this exercise, you will recursively define a string operation replace (with the type X* x X* x 

&* — &*) that would replace all the occurrences of the specified substring with another 

substring. For example, replace would perform as follows: 

e replace(inputString, in, out) = evtputStsingoutputStroutg (multiple 
occurrences) 

e replace(inputString, i, ee) =eenputStreeng (multiple occurrences) 

e replace(ianputString, in,in)=inputString (nochange, i.e., should not loop) 

e replace(inputString, out, in)=inputString (no change, i.e., not found) 


Hint: First, identify the base case (e.g., no replacement possible). For the induction step, replace 
the first occurrence, and then recursively call the function for the remaining part of the input 
string. Compare the recursive approach with the iterative approach. The latter typically involves 
more variables to keep track of the status (e.g., positions), which can complicate coding. 


You can assume the following functions as well as arithmetic operations (e.g., addition) 
discussed in class, and use them in your definition: 


attachChar: X* x i > X* 
e attachChar(€, a)=a 
e attachChar(abe, d) = abed 


‘+’ (string concatenation): L* x L* > L* 
e €+a=a 
e abc+d=abcd 


length: X* +N 

e length(e) = 0 

e length(a) = 1 

e length(abed) = 4 


indexOf: &* x L* > (N vu {-1}) 

e indexOf(inputString, in) =0 

e indexOf(ianputString, String) =5 
e indexOf(input String, none) =-—|1 


substring: &* x Nx N-> &* 

e = 6substring(inputString, 0,5) = input 
e = 6substring(inputString, 5,1)=Ss 

e = 6substring(inputString, 100, 3)=€ 


Note: Most of the above functions are defined in the Java St ring class as methods (naturally, 


you can also define these recursively). So, you could implement and test your definition in Java 
fairly easily. Your code may consist of only several lines. 


<End> 


Related problem in FinComp 


Announcements Producer-Consumer 


Final Evaluation Workshop * Condition for termination? 
— Section 1: 8:00-10:00 a.m. in HH253 

— Section 2: 11:00 a.m.-1:00 p.m. in HH253 produce(m) = " ; 
_ 4 sessions for 4 exercises consume(m x1.25) otherwise 
— No mutual evaluation of Mini Projects 
Final Comprehensive Exercises 

— To be available on-line on Thursday 


— Recommended to preview and ask questions Mutual recursion 
on Friday 


cursceto ps cursc210D4 2 How to prove it? 


if m>9 


m if m<l 
consume(m) = ; 
produce(mx0.75) otherwise 


Related problem in FinComp 


| 


a 
~ 
oo 


Review: Unit D2 Ex1 


Cc 
0 
1 
2) 
3 
4 
5) 
6 
7 
8 


2/2 /2)j2)/a2)/a2/a2/a]/a/o 
2j2f/a2ja])alalalialalte 
<a)/2/4)/4)/4)/</4)/a)/4)/0 
2j2fa2ja])jalalalalalw 
2/2/42 )/2)/4)/e2/4)/2)/4)/4 
2/2/42 )42)/4)/e/4)/4)/e]u 
2/j2/2/2)/2/2/2/a)ja 
2/2/42 )42)/4e)/e2/4)/42)/2 
2/2/42 )42)/4)/</4)/4)/2 


CMSC210 D4 CMSC210 D4 


welralalnjaAlwlyselola 
ael/rlAlUsaA;wWlYselola 


CMSC210 D4 CMSC210 D4 


ofViV 
tiv iviv ivy iv ivi 
2[ViV AA 
s(VIV AI 
6[VIV III 
TAI 
siviv WWW 


+ + + 
a a a 
° e ° 
N N q 
i3) r3) 13) 
Q Q Q 
= = = 
5 5 5 


Vai 
2IVIVIN INV IN II 


ofviviV viv iv vi iW 
tiviv ivi ivi viv [4 
2IVIV II IVI 
alViV ivi i 
s(vIV Ii 
6(VIVV INI 
TIAIVINIVIVI 
s(VIV Wi 
olviviv[v[viv iv ivy 
siviviv iii iy 
6(VIVV AI 
TIAN III 
sv WA 


1 


CMSC210 D4 
CMSC210 D4 
CMSC210 D4 


2f/ef}/e)}/e)/<a)/</</0 
i i 
<2fje2f/e2)/e)/e)/</< | 
2f/ef}/ef{alalealalun 
ar i a OY 
2fjef/e2)/e)/e2)/</)/<)/ XN 
2a fjaja}a}|al}a}|<]|oo 


BLWLOLAID[NAINJR|OIgQ 
e/IIA/NJRLW] NY FRILOIA 
<)j<)/e2)/e2)/<)/42/4)/</<)/0 
2ij42j)j/42/2)/42)/42)2)4/)42 Be 
<je)/e)/e)/—)/a/e)/e)/e )v0 
<j<e)/e)/e)/—)/H/H)/e /< ]/n 
</j<)/2)/e2)/<)/42/42)/4/4|/0 
2|4ija| a |e) |]. |]. |] Be 
2jafja|/a]/a)}a)}/a)}a | a] oo 


CMSC210 D4 CMSC210 D4 


BR 


Unit D5: Logic 


Focus on Mathematical Induction 


Today 


¢ Understand and use Mathematical 
Induction 


* Compare inductive techniques 

¢ Understand the general meaning of 
deduction and induction 

* Take-home exercises 
— Highway, Teriyaki Boy, Program analysis 


Cc 
0 
1 
2 
3) 
4 
5 
6 
7 
8 
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Section 1 


Sum of Linear Series Mathematical Induction 


A widely accepted proof technique 

Let N= {0, 1, 2, 3, ...} 

Let P(n) be a unary relation (set) onne N 
* Gauss’ story If both of the following conditions hold: 

¢ Mathematical induction * P(no), where ny ¢ N €.9., Io =0 
* For every n 2 ny (n € N), P(n) implies P(n + 1) 
Then, P(x) is true for every n= ny (ne N) 


ee maa, 
i=l 2 
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Math Induction Proof Pattern 


Main hypothesis: None 
Main conclusion: 2, <<,i=n x(n + 1)/2 
Base case (n = 1): Doc, = 1 =1x(14+1)/2 
Induction step 
+ Induction hypothesis: ¥,<..,i=n x (n+ 1)/2 
* Conclusion: 2 <c)4 1) f= (n+ 1) x (n+ 2)/2 
+ Proof (of the induction step) 
1. Ligeine ty t= Zi gent + (+1) [LHS Conclusion] 
» Ligcnt + (2+ Ll Hn x(n + 1)/24+ (4 1) [Ind. hyp.] 
3.nxX(n+1)/24+ (n+ l)=(n+1)x (n+ 2)/2 [Arithmetic] 
- Ligicing 1) $= (n +1) X (n+ 2)/2 [Transitivity eq/ineq: 1-3.] 


By Math Induction (shaded), main conclusion holds. 
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Group Exercise 1 


© (14+24+..4¢n7=1234+234+..4+73 
for any positive integer n 
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Section 2 


Inductive Techniques 


Inductive definition of sets 
Recursive definition of functions 
Mathematical induction (a proof technique) 


Common feature 

— Base case 

— Induction step ene 
Also “Exclusion clause” for set definition 
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Pigeonhole Principle 


* Theorem: If n+ 1 letters are put in n mailboxes, then 
some mailbox will contain (at least) two letters. 


« Proof for any natural number n > 0 
+ Base case (n = 1): The mailbox contains two letters. 
* Induction step 
* Induction hypothesis: The theorem holds for n. 
* Conclusion: It holds for n + 1 as well. 
—Proof (of the induction step) 
—Case 1 (first mailbox has 2 letters): Done. 
—Case2(otherwise): 
+ By Mathematical Induction, the theorem holds. 
CMSC210 D4 20 


Cardinality of Power Sets 


Prove that |P(S)| = 24! for any set S 
(including @) 

— P(S): the power set of a set S 

— |S|: the cardinality of set S 

Hint: Induction on the size of S 
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Inductive Set Definition 


Example 
* wff’s in propositional logic 
— Base: Propositional variables are a wif. 
— Induction step: 
- lf gis a wff, (79) is a wf. 
If p and w are wff's, (9 A w), (9 v w), and (@ 


> y) are a wif. 


— Exclusion: Nothing else is a wif. 
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Recursive Function Definition 


* Replace all the patterns of X > Yto nXv Y 


if X isa propositional variable 
if X has the form AY 

if X has the form Y v Z 

if X has the form Y AZ 

if X has the form Y > Z 
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Section Summary 


* Inductive techniques are useful for 
defining and proving unbounded 
(potentially infinite) things in a finite 
manner. 

* They can be used 
— Consitructively: Set definition 
— Analytically: Mathematical induction 
— In both ways: Function definition and use 
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Deduction in Logic 
¢ A proof of a theorem (special) within a 


logical system (general) is an example of 
deduction. 
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Mathematical Induction 


* Theorem: Every wff in propositional logic has an 
equivalent form without ‘—’, using the 
equivalence between X > Y and 7X v Y. 

Proof by Mathematical Induction 
— Base case (propositional variable): Done. 
— Induction step: Suppose that the theorem applies to 
all the components (@ and w) of the current formula. 
* Case 1 (79): Done. 
* Case 2(9 4 y): Done. 
* Case 3 (9 v y): Done. 
* Case 4 (~ — w): Equivalent to -@ v yw. 
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Section 3 


Deduction and Induction 


¢ Induction [in general]: Argument in the 
direction of specific to general Always true?” 


—E.g., By looking at a lot of birds in a park, 
conclude that “all birds can fly.” 


¢ Deduction [in general]: Argument in the 
direction of general to specific 
—E.g., From the fact that all living things will die, 


we conclude that “I will die.” 
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Induction in Logic 


* Inductive/recursive definition: A definition 
of a potentially infinite set/function 
(general) based on a finite number of 
statements (special) 

« Mathematical Induction: A proof technique 
that is used to justify an infinite number of 
cases (i.e., general) based on a finite 
number of statements (special) 
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Section Summary 


Summary Exercise 
Deduction: general to specific ¢ Explain the similarities and differences 
— Always true 


between the following: 
Induction: specific to general — Inductive definition of sets 
— Not always true 


— Recursive definition of functions 
—We accept certain specific patterns, e.g., — Mathematical induction 
mathematical induction. 


* Questions/Comments/Suggestions 
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Unit D4: Logic, 12/2/03 


Sample solutions to these exercises will be posted in the afternoon of the due date. But do these 
problems without seeing the solutions. Being able to understand provided solutions is 
completely different from being able to come up with a solution. Even an incomplete or 
incorrect answer of your own is better than understanding someone else’ answer. These 
exercises contain some earlier materials so that you can do some practice for the final. 


Exercise 1: Highway Design 


Let us model a country with n cities and highway routes among the cities, as an undirected 
graph, G =(C, R). Here, C is a non-empty set of cities (vertices) with |C| =n, and R is a set of 
routes (edges). 


A. Suppose that the undirected graph G is connected, but not a tree. What would be the 
minimal |R| that satisfies this condition? Explain. 


B. You learned that there are at least two cities that are not connected by a highway route. You 
are also told that the reflexive closure of R is an equivalence relation. What would be the 
largest |[x]| (based on this equivalence relation) where x is some element in C? Explain. 


C. Suppose that there is a route between every pair of cities. Then, the total number of routes 
(i.e., |R|) is equal to (n- 1) x n/ 2, for any n= 1. Fill in the proof by mathematical induction 
given below. 


Main hypothesis: There is a route between every pair of cities. 
Main conclusion: (i) 


Base case (|V| = = 1 since V must be non-empty): (i) 
Induction step: 
Induction hypothesis: _ (iii) 
Conclusion: The formula is correct also for n + 1, ie., for [Vj =n + 1, |Rl=nx (n+ 1)/2. 
Proof (of the induction step): 
1. By adding another city to the existing ones, we will need ____(jy) more routes to connect 
the new city to every other cities. [hyp., i.e.,|V| = __«] 


2. We already have the formula (vi) for the existing n cities. [induction 
hypothesis] 
3. Then, (n—-1)Xn/2+__ i= (viii), Which is the correct formula for n + 


1. [arithmetic] 


By Mathematical Induction, the main conclusion holds. 


Exercise 2: Teriyaki Boy 


“Teriyaki Boy” at a local shopping mall offers a variety of sushi platters. To satisfy an even 
broader customer base, they are considering to offer extravagant twenty (20) sushi kinds: abalone 
(a), bonito (b), crab (c), dover sole (d), eel (e), flounder (f), giant clam (g), ..., and tuna (f). 


The Japanese are good at importing useful ideas from their neighbors (e.g., the Chinese writing 
system). Teriyaki Boy might adopt another Chinese system of numbering lunch menus from #1 
through #n. 


Note: In your answers, you may use the notations P (permutation), C (combination), ‘!’ 
(factorial), and constants. You should not compute actual numeric values. 


A. Suppose that lunch menus include 4 pieces of sushi of exactly 3 different kinds. How can 
you compute the value of n (the last lunch menu number)? 


Hint: Consider choosing 3 kinds and then finding the distribution of the items. 


B. Presentation is an important part of the Japanese cuisine. Suppose that a customer ordered a 
special party platter that includes 4 pieces of eel (e), 3 pieces of flounder (f), and 2 pieces of 
giant clam (g). All the sushi pieces must be arranged in a single, non-circular row. In how 
many different ways can a chef present this party platter? 


Note: Assume that sushi plates have a asymmetrical shape. That is, presentations of sushi 
items [e,e,e,f,g,f,e,f, g) and[g,fie, fi g,f, e, e, e] must be distinguished. 


The function f(n) = 2” grows really fast as the input grows. For example, see the following cases: 
fU) = 2, f(8) = 256, f(16) = 65536, f(32) = 4294967296, and f(64) = 1844674407370955 1616. 
However, g(n) =n! is even worse, e.g., g(16) = 20922789888000 >> f(16). That’s why you are 
not asked to compute numeric values in the above questions. 


C. To convince yourself, prove the following equation, using mathematical induction: 2" < n!}, 
for any natural number n 2 4. Follow the Mathematical Induction proof pattern. 


Disclaimer: All the names in this exercise are fictitious. Resemblance to any real name is 
coincidental. 


Exercise 3: Program Analysis 


The performance of a computer program is often described in terms of a function of the input 
size n (e.g., the number of database entries, the length of the input string). Suppose that the 
behavior of some program (Program 1) can be characterized by f(n) = n’ and that of another 
(Program 2) by g(n) = 2”. These two programs are compared below for some small input sizes (a 
variety of n values). Between Programs | and 2, a smaller value means a better performance 
(less time spent). 


Program | | Program 2 


1 1 2 
2 4 4 
3 9 8 
4 16 16 
5 25 3 
| | | 
i i ON 
| 


For n <5, neither program performs consistently better than the other. However, for the size n = 
5, Program | consistently outperforms Program 2. This property can be represented as the 
following formula: n” < 2” for any n > 5 [Theorem]. We will justify this formula using 
mathematical induction. 


A. In the justification of Theorem, we will use a lemma (preliminary theorem): 21 + 1 < n’ for 
any n 25 [Lemma]. Justify this lemma using mathematical induction. Follow the 
Mathematical Induction proof pattern. 


B. Justify Theorem using mathematical induction and Lemma. Follow the Mathematical 
Induction proof pattern. 


Exercise 4: Producer-Consumer [optional] 


We observed that the following two mutually-recursive functions terminate regardless of the 
inputs. Can you prove this using Mathematical Induction? 


if m>9 


m 
d. — 
produce(m) consume(mx1.25) otherwise 


m if m<1 


consume(m) = : 
produce(mx0.75) otherwise 

Note: This is not really the Mathematical Induction on natural numbers. However, the same 

proof pattern is equally convincing. 


Hint: Set up four base cases where the functions terminate immediately (2 cases) and the 
function terminates after one recursion (2 cases). For the proof of the induction step, use the fact 
1.25 x 0.75 = 0.9375, and demonstrate that two recursive steps will always be the same function 
with a reduced input. 


<End> 


Unit D4: Logic, 12/2/03 


Sample solutions to these exercises will be posted in the afternoon of the due date. But do these 
problems without seeing the solutions. Being able to understand provided solutions is 
completely different from being able to come up with a solution. Even an incomplete or 
incorrect answer of your own is better than understanding someone else’ answer. These 
exercises contain some earlier materials so that you can do some practice for the final. 


Exercise 1: Highway Design 

Let us model a country with n cities and highway routes among the cities, as an undirected 
graph, G = (C, R). Here, C is a non-empty set of cities (vertices) with |C| =n, and R is a set of 
routes (edges). 


A. Suppose that the undirected graph G is connected, but not a tree. What would be the 
minimal |R| that satisfies this condition? Explain. 


B. You learned that there are at least two cities that are not connected by a highway route. You 
are also told that the reflexive closure of R is an equivalence relation. What would be the 
largest |[x]| (based on this equivalence relation) where x is some element in C? Explain. 


C. Suppose that there is a route between every pair of cities. Then, the total number of routes 
(i.e., |R|) is equal to (n — 1) x n/ 2, for any n= 1. Fill in the proof by mathematical induction 
given below. 


Answer: 

A. 2n. To be connected, there must be at least 2(n — 1) routes (counting both directions 
separately, as an undirected graph needs to be symmetric). To avoid being a tree, there must be 
at least one cycle. Thus, we need an additional pair of routes, resulting in 2n routes. 


B.n-— 1. Since there are at least two cities that are not connected by a route, there must be at 
least two equivalence classes. The largest such equivalence class should include n — | cities. 


C. 
Main hypothesis: There is a route between every pair of cities. 
Main conclusion: |R| = (n — 1) xn/2 


Base case (|V| = = 1 since V must be non-empty): |R| = (n — 1) x n/2 =0 (i.e., no connection 
needed if there is only one city) 
Induction step 
Induction hypothesis: The formula is correct for 7, i.e., for |V| = 1, the total number of routes 
is(n—1)xXn/2. 
Conclusion: The formula is correct also for n + 1, i.e., for |V| =n + 1, |R) =n x (n+ 1)/2. 
Proof (of the induction step): 


1. By adding another city to the existing ones, we will need n more routes to connect the 
new city to every other cities. [Induction hyp. and Main hyp.] 

2. We already have the formula (n — 1) x n/ 2 for the existing n cities. [Induction 
hypothesis] 

3. Then, (n—-1)Xn/2+n=nx (n+ 1)/2, which is the correct formula for n + 1. 
[Arithmetic: 1., 2.] 


By Mathematical Induction, the main conclusion holds. 


Exercise 2: Teriyaki Boy 

“Teriyaki Boy” at a local shopping mall offers a variety of sushi platters. To satisfy an even 
broader customer base, they are considering to offer extravagant twenty (20) sushi kinds: abalone 
(a), bonito (b), crab (c), dover sole (d), eel (e), flounder (f), giant clam (g), ..., and tuna (7). 


The Japanese are good at importing useful ideas from their neighbors (e.g., the Chinese writing 
system). Teriyaki Boy might adopt another Chinese system of numbering lunch menus from #1 
through #n. 


Note: In your answers, you may use the notations P (permutation), C (combination), ‘!’ 
(factorial), and constants. You should not compute actual numeric values. 


A. Suppose that lunch menus include 4 pieces of sushi of exactly 3 different kinds. How can 
you compute the value of n (the last lunch menu number)? 


Hint: Consider choosing 3 kinds and then finding the distribution of the items. 


B. Presentation is an important part of the Japanese cuisine. Suppose that a customer ordered a 
special party platter that includes 4 pieces of eel (e), 3 pieces of flounder (f), and 2 pieces of 
giant clam (g). All the sushi pieces must be arranged in a single, non-circular row. In how 
many different ways can a chef present this party platter? 


Note: Assume that sushi plates have a asymmetrical shape. That is, presentations of sushi 
items [e,e,e,f,g,f,e,f, g] and[g,fie, fi g,f, e, e, e] must be distinguished. 


The function f(n) = 2” grows really fast as the input grows. For example, see the following cases: 
fO) = 2, f(8) = 256, f16) = 65536, f(32) = 4294967296, and f(64) = 18446744073709551616. 
However, g(n) =n! is even worse, e.g., g(16) = 20922789888000 >> #16). That’s why you are 
not asked to compute numeric values in the above questions. 


C. To convince yourself, prove the following equation, using mathematical induction: 2" < n!}, 
for any natural number n = 4. Follow the Mathematical Induction proof pattern. 


Answer: 

A. C(20, 3) x C(3, 1) First, the possibilities of choosing 3 kinds from 20 is C(20, 3). Suppose 
we chose kinds x, y, and z. To include 4 pieces, we will need to have two items of just one kind, 
€.8., XXYZ, XyyzZ, etc. 


B. PQQ, 9)/(P(4, 4) x PG, 3) x P(2, 2)) = 9!/(4! x 3! x 2!) First, there are P(9, 9) ways to arrange 
9 pieces. However, since there are same kinds, we must eliminate the effect of different ordering 
of the same kind, e.g., 4 pieces of eel, by dividing by P(4, 4). 


C. 
Main hypothesis: 7 is a natural number and n = 4 
Main conclusion: 2” < n! 


Base case (n = 4): 4° =16<4!=24 
Induction step 
Induction hypothesis: 2” < n! 
Conclusion: 2*” < (n+ 1)! 
Proof (of the induction step): 
2"*) =2 x 2” [Def. power, applied to the LHS of Conclusion] 
2x2" <2 xn! [Ind. hyp., multiplied by 2] 
2 <n+ 1 [Main hyp.] 
2xn! <(n+1) Xn! [3., multiplied by n!] 
(n+ 1)xn!=(n + 1)! [Def. ‘!’: 4.] 
2"*” < (n+ 1)! [Transitivity of equality/inequality: 1., 2., 4., 5.] 


Ss SSS 


By Mathematical Induction, the main conclusion holds. 


Disclaimer: All the names in this exercise are fictitious. Resemblance to any real name is 
coincidental. 


Exercise 3: Program Analysis 


The performance of a computer program is often described in terms of a function of the input 
size n (e.g., the number of database entries, the length of the input string). Suppose that the 
behavior of some program (Program 1) can be characterized by f(n) = n- and that of another 
(Program 2) by g(n) = 2”. These two programs are compared below for some small input sizes (a 
variety of n values). Between Programs | and 2, a smaller value means a better performance 
(less time spent). 


Program 1 | Program 2 

1 1 Z 
2 4 4 
3 9 8 
4 16 16 
2 2 32 
| | | 

i i ph 
| | | 


For n <5, neither program performs consistently better than the other. However, for the size n = 
5, Program | consistently outperforms Program 2. This property can be represented as the 
following formula: n” < 2” for any n > 5 [Theorem]. We will justify this formula using 
mathematical induction. 


A. In the justification of Theorem, we will use a lemma (preliminary theorem): 2n + 1 < n° for 
any n 25 [Lemma]. Justify this lemma using mathematical induction. Follow the 
Mathematical Induction proof pattern. 


B. Justify Theorem using mathematical induction and Lemma. Follow the Mathematical 
Induction proof pattern. 


Answer: 

A. 

Main hypothesis: n 2 5 
Lemma: 2n + 1 <n” 


Base case (n=5):2X54+1=11 < 5° =25 

Induction step 
Induction hypothesis: Lemma is correct for n, i.e., 21 + 1 < n 
Conclusion: Lemma is correct also forn+ 1,ie., 21+ 1)4+1<(n+ iv 
Proof (of the induction step): 

2(n+1)+1=2n4+3 = (n+ 1) +2 [Arithmetic: LHS of Conclusion] 

(n+ 1) =n’ + 2n + 1 [Arithmetic: RHS of Conclusion] 

2n + 1 < n° [Ind. hyp.] 

(Qn+1)+2<n’+2 [3., 2 added] 

2 < 2n + | [Main hyp.] 

n+2<n’+2n+1[5.,n’ add] 

n’ +2n+1=(n+ 1) [Arithmetic: 6.] 

2(n +1) +1 <n? +2n+41 [Transitivity of equality/inequality: 1., 4., 6.] 


oo ae a ee 


By Mathematical Induction, Lemma holds for all natural numbers n 2 5. 


B. 
Main hypothesis: n = 5 
Theorem: n’ < 2” 


Base case (n = 5): 5°=25<2°=32 
Induction step 
Induction hypothesis: Theorem is correct for 7, 1.e., < 
Conclusion: Theorem is correct also for n + 1, 1e., (n+ 1° a 
Proof (of the induction step): 
l. (+ iv =n’ +2n+1 [Arithmetic: LHS of Conclusion] 
2. 2n+1 <n? [Lemma] 
3. n+2nt+1 <n’ +n’ [4.,n’ added] 
4. n° <2" [Ind. hyp.] 


5. nen? <2" +2" [5] 
6. 2"+2"=2"'! [Def. power] 
1. texiy<o™ [Transitivity of equality/inequality: 1., 3., 5., 6.] 


By Mathematical Induction, Theorem holds for all natural numbers n 2 5. 


Exercise 4: Producer-Consumer [optional] 


We observed that the following two mutually-recursive functions terminate regardless of the 
inputs. Can you prove this using Mathematical Induction? 


if m>9 


m 
d = 
pro uce(m) cer otherwise 


m if m<1 
consume(m) = 
| produce(m x 0.75 ) otherwise 


Note: This is not really the Mathematical Induction on natural numbers. However, the same 
proof pattern is equally convincing. 


Hint: Set up four base cases where the functions terminate immediately (2 cases) and the 
function terminates after one recursion (2 cases). For the proof of the induction step, use the fact 
1.25 x 0.75 = 0.9375, and demonstrate that two recursive steps will always be the same function 
with a reduced input. 


Answer: 
Main hypothesis: None 
Main conclusion: Both produce and consume terminate on any input. 


Base cases 

© consume(m) terminates if m < 1. 

© consume(m) terminates if m x 0.75 > 9, as consume(m) = produce(m X 0.75). 
© produce(m) terminates if m > 9. 

e produce(m) terminates if m x 1.25 < 1, as produce(m) = consume(m xX 1.25). 


Induction step 

Induction hypothesis: consume(c) terminates for some c 2 1. 

Conclusion: consume(d) and produce(d) both terminate for any d > c. 

Proof (of the induction step): 

Case (a) produce(m) = consume(m X 1.25) = produce(m X 1.25 x 0.75) = produce(m Xx 
0.9375). Since m x 0.9375 < m, by the induction hypothesis, produce(m x 0.9375) 
terminates. So does produce(m). 

Case (b) Analogous for consume(m). 


By Mathematical Induction, the main conclusion holds. 


<End> 


Induction/Recursion Conclusion 


Which technique to use? Today 
* Convince that every city on a map is drivable * Review the /ogic-structure connection 


Ton TETIOn ¢ Preview the next ste 
* Define the collection of all the stars e 


gravitationally affected by the Sun 


* Define a procedure to analyze the “satisfiability” 
of a FOL wff with respect to a certain structure 


¢ Find out whether you would face difficult issues 
in your future 
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Section 1 


Domain of Our Work Logic-Structure Connection 


statements 


Real-world problem Solution (real) 


‘ 


Syntax Semantics 


Logic Structure 


Computational problem Solution (computational) 


* Structures satisfy logic (statements). 
+ Logic (statements) specify structures. 
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Attempt in This Course Proverbs 


Placed the materials more in context: mathematical You can’t just abstract ideas into concrete 


modeling heads. [Goal 1] 

Introduced logic-structure connection as the core Say what you mean. [Goals 5(i), 2, 4, 3] 
concept underlying the modeling process : Pa 
— Cf., any Disc Math course/textbook Our words have wings but fly not where we 
Expected that you would forget how to symbol would. [Goal 5(ii)] 

manipulation techniques (thus, not emphasized) Appearances are deceiving. [Goal 5(ii), 4] 


Expected that you could retain the attitude of analyzing Resembling the great in some ways does not 
real-world phenomena and turning to mathematical 


means when precision and conciseness are needed make us equally great. [Goal 5(ii), 4] 
(with the help of references) Reason succeeds where force fails. [Goal 6] 
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Section 2 


Meta-Cognition Next Step 


fae ne * Computer Science courses 
. Can you reflect on your thinking, activity, - Be Structures and Algorithms (230, 410) 


and evaluation? — Software Engineering (340) 


. . Computer Architecture (325) 
* Do you see a change in yourself (during Operating Systems (330) 

A . Compilers (434 
the semester or during your college life)? Nehari ea 
Databases (446) 
Artificial Intelligence (380) 
Programming Languages (390) 


Other fields 
— Mathematics, Natural Sciences, Engineering, Business, 
Philosophy, Psychology, Linguistics, ... 
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This Course After Today (1) Mini Project Completion 


* Take-home exercises « Read the project page carefully 
— Evaluation sheet distributed on Tuesday (also on-line) ¢ Must be word processed 
Read carefully * Technical requirements 
— Due at the beginning of the final eval workshop =Theme 
« Final Comprehensive Exercise Uniqueness 
— Available on-line Complexity 
— Ask questions eo 
— Due at the beginning of the final eval workshop Connections 
* Mini Project Completion Clarity 
— Due at the beginning of the final eval workshop 
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This Course After Today (2) 


* Evaluation Workshop 
— Section 1:8 a.m., Fri., Dec. 12, HH253 
— Section 2: 11 a.m., Fri., Dec. 12, HH253 
* Office hours next week 


— Special OH: Mon., 2-5 p.m.; Regular OH: Thu., 9:30- 
11 a.m. 


— Out of town: Tue.-Wed., Dec. 9-10 

* Course grades 
— E-mail will be sent, directing to the grade page 
— Contact by e-mail 
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CMSC210 Final/Module D Comprehensive Exercises 


Due at the beginning of the designated final exam period on 12/12/03 [There are four (4) problems.] 


1. Cryptarithmetic 


Note: See the supplement exercise for Unit C6 Counting/Probability at: 
http://www.tcnj.edu/~komagata/cmsc210/03f/units/C6-count-supp.pdf 


Consider the following cryptarithmetic problems, i.e., to find an injective function from the set of letters (only those 
used in the problem) to the set of digits, {0, 1, 2, 3, 4,5, 6, 7, 8, 9} which would satisfy the arithmetic. 


Problem #1 Problem #2 


Note: How to find a solution to these problems is not the focus of this exercise. If you want to know the solutions, 
do a Web search with “cryptarithmetic solver” and find a program to solve these problems automatically. 


One brute-force approach to solving these problems is to systematically (i.e., repeatedly) assign every digit to the 
letters and check whether the arithmetic is correct. 


A. What would be the formulas to compute the number of different digit assignments for Problem #1 and 
Problem #2? Explain. 


Note: Do not actually compute the numeric values. Give a formula that may involve factorial (!), permutation 
(P), combination (C), constants, and arithmetic operations among them. Same for Question B. 


In practice, we identify certain constraints that can be used to exclude impossible cases. For example, in Problem 
#1, we can exclude M = 0 because the letter is used to represent the carry (of the computation of the lower digits), 
which must be non-zero. In addition, we know that M< 1, because adding two digits cannot exceed 19, even 
including the carry from the computation of lower digits. As for S, we can say that S = 8 because S + M+ carry > 
10 where M= | and carry < 1. 


B. We know M= 1 and S28. What would be the formulas to compute the number of different digit assignments 
for Problem #1 (with these constraints)? Explain. 


Suppose that you create cryptarithmetic problems like Problem #1 automatically, using random generation of 
letters. That is, you will assign an uppercase alphabetic letter to each of the 13 letter positions. In order for the 
solution (as a function) to be injective, a single problem must have no more than 10 different letters. 


C. You are given the following formula to compute the probability of exactly 10 letters assigned to the 13 letter 
positions: C(26, 10) x 10'*/26'°. Unfortunately, the formula does not compute the probability correctly. 
Analyze the formula and explain the problem. 


Hint: The use of “10'*” in the formula is supposedly dependent on the use of “C(26, 10)”. 


D. Identify and explain the logic-structure connection involved in this type of cryptarithmetic problems. That is, 
identify both the logic and the structure parts, and then describe how the structure would satisfy the logic. 


2. Nearly-Decomposable Systems 


In response to Unit D2 Summary Exercise, some of you came up with an idea that the universe is a partition with 
cardinality 1. That is, everything in the universe interacts with everything (including itself) directly or indirectly, 
e.g., if R; is the reflexive, transitive, and symmetric closure of {(1, 2), (2, 3), (3, 1)}, the partition is {[(1, 1)]}. 
While this view may be correct, the relation is not very informative as it is simply the Cartesian products of all the 
objects. Perhaps, inclusion of indirect interaction is problematic. So, we now focus only on direct interactions. 
Then, although we still want to maintain reflexivity and symmetry, we may lose transitivity if the transitivity reflects 
indirect interactions. 


If everything directly interacts with everything, the cardinality of the partition is still 1. On the other hand, if a 
system is separated into multiple, completely independent, highly-connected subsystems, the cardinality of the 
partition is greater than 1. But Herbert Simon (Nobel Memorial Prize in Economic Science, 1978) points out that 
neither of these cases are realistic for modeling many real-world phenomena. Instead, he argues that many real- 
world phenomena are more loosely-coupled (called nearly-decomposable systems). This view can be described in 
terms of the following hypotheses. 


Hypotheses 

1. Complex systems should not be characterized as a partition with cardinality 1. 

2. Complex systems should not be characterized as a partition with cardinality greater than 1. 

3. Complex systems are still considered as loosely-coupled subsystems. That is, the relation would still define 
subsystems like equivalence classes while they are not completely disjoint. 


A. Prove that there are no equivalence relations that would satisfy both Hypotheses | and 2. Use the proof pattern 
discussed in class. 


Note: Exclude the empty relation, which could be interpreted as an equivalence relation with a partition with 
cardinality 0. 


B. A randomly generated relation representing direct interaction between objects is not likely to satisfy Hypothesis 
3. Explain why. 


C. Give a tabular representation of an example relation that would characterize a nearly-decomposable system. 
Explain, referring Hypotheses | through 3. 


Hint: See Unit D4 slides regarding the tabular representation of a relation. 
Note: To be able to clearly visualize all the Hypotheses, you will need a set of several objects, not just, say, 2. 


Reference: Simon, Herbert Alexander. 1969. The sciences of the artificial. M.I.T. Press. [available in the TCNJ 
library; the 3rd ed. (1996) is the most current; not essential for this exercise, though] 


3. Slime Scene 


Some scientists observed that the following obscure scientific law applies to the small amount of slime (certain 
sticky matter, which a lay person would not bother to analyze) found in their lab. 


Law 

1. Arf(x) 

2. (Aak (e(x) A v(x) @ (Fax fx) 

3. (Arc) Ava) > (xd (eX) A cly) Ax#y)) 
4.) -axdy (hx) A cy) A s(x, y)) 

5. Vx (A(x) A v(x) 2 s(x, x)) 


This Law is expected to explain the composition of the slime, which can be represented as a structure Slime = (O, 

C, P, F, V, S) where 

¢ Ocontains all the involved objects. 

e Cand P are subsets of O, and interpret the unary predicate symbols c and h, respectively. For example, h(a) is 
true if and only if a EP. 

e F defines the meaning of the unary predicate symbol f. For example, f(a) is true if and only ifae F. 

e Vdefines the meaning of the unary predicate symbol v. For example, v(a) is true if ae V. 

e S defines the meaning of the binary predicate symbol s. For example, s(a, b) is true if and only if (a, b) € S. 


In addition, the scientists also noted that the structure satisfies the following fact as well. Fact: |C| < |P| 


Now, we see the logic-structure connection. However, we do not know what exactly the predicate symbols (in the 
logic) and the corresponding relation symbols (in the structure) mean. Thus, we should not introduce additional 
assumptions beyond what the Law and Fact specify. For example, you do not know whether the sets C and P 
intersect or are disjoint. 


A. Formally define all the structure components of the smallest instance of Slime (call it Slimey) that would satisfy 
all the statements in Law and the Fact shown above. For relations/functions, give their types as well. Explain 
how you came to that conclusion. 


Note: The smallest instance would include the minimal number of objects. 


B. Suppose that the smallest instance Slimey contains Cp such that |Co| = ko. Prove the following, using 
Mathematical Induction: For any natural number i = ko, there is an instance of Slime; containing C; with |C] =i 
which satisfies the Law and Fact (i.e., there are infinitely many satisfying structures). Follow the Mathematical 
Induction proof pattern discussed in class. 


Hint: Do not forget that the Fact, |C| < |P|, must also be satisfied. 


If you developed detective skills in “Crime Scene” (Module B Comprehensive Exercise 2), you must have noticed 
some connection between Crime Scene and Slime Scene. In fact, although not many people would notice, the 
ability to analyze the logic-structure connection is an essential skill for detectives and scientists alike. For example, 
you may have realized that the statements in Law (formal) correspond to Information | through 5 (informal) in 
Crime Scene (in the given order), and the Fact correspond to Information 6. 


C. (i) Copy (or recreate, but do not modify) the structure in your answer to Crime Scene 2F and call it 
CrimeScene. Then, (ii) analyze whether Slime, above is isomorphic to CrimeScene. Explain fully, including 
why or why not they are isomorphic. (iii) Redo Question 2G in Module B Comprehensive Exercise 2. 


4. Egotruism 


Normally, “egoism” and “altruism” are considered two extreme forms of regarding self and others (use the 
dictionary if you need clarification). But there are stories (fiction and non-fiction) that are not so clear cut. One 
might recall “Christmas Carol.” Philadelphia Inquirer had an article about a philanthropist, who gave so much to 
charity that he was abandoned by his family. As discussed in an earlier problem, things interact in various ways. 
Maybe it is too simplistic to contrast these two ism’s; maybe they are not so different (hence, “egotruism’’). 


In an attempt to simulate the connection between egoism and altruism, we define mutually recursive functions ego 
(for egoist) and alt (for altruist) as shown below. Note that these functions have the type N > N, where N is the set 
of natural numbers. Also note that round returns the nearest natural number, e.g., round(1.49) = 1, round(1.5) = 2. 
The idea is as follows: ego accesses the shared resources (represented as r, the input to the function), uses some of it, 
and returns a reduced amount of the shared resources. Due to its greedy nature, ego cannot sustain its operation 
when the shared resources are too low (under 10). On the other hand, alt accesses the shared resources and returns 
an increased amount. It cannot sustain its operation if the shared resources become abundant (above 90). 


aa” if r<10 
ee sical? /100)) otherwise 


() 
r if r>90 
alt(r) = F 
ego(round (r x(200—r)/100)) otherwise 
A. Explain how to compute the value of ego(90). Do this step by step. That is, compute the first recursive step as 
round(90° / 100) = 81, and then compute the second recursive step, using 81 as the input to alt, and so on. 


B. Observe the first several recursive steps of computing ego for the following inputs: 
e §=ego(61): 61, 37, 60, 36, ... 
e §=ego(62): 62, 38, 62, 38, ... 
e §=ego(63): 63, 40, 64, 41, ... 
Estimate and explain the behavior of ego as accurately as possible for all the natural number inputs. 


C. Suppose that termination of the functions corresponds to the termination of both the egoist and the altruist 
(death, deportation, seclusion, etc.). Identify a relevant real-world story, and analyze the connection between 
the story and the mathematical behavior of the functions. Your story must be unique to you. 


Note: If you have difficulty identifying a unique story, make up one and indicate that you did so. 


D. Suppose that the function definition (1) was modified as follows (now, two separate recursive functions, with no 
mutual recursion): 


= r if r<10 
a C80 found (2 / 100)) otherwise (2) 
a = r if r>90 
ore alty (round (r x (200 = r)/100)) otherwise 


(i) Discuss whether the above functions always terminate. (ii) Discuss real-world implications of the 
mathematical behavior of these functions. 


Note: All the above functions are fairly easy to implement in most modern programming languages as well as in 
Mathematica. You are encouraged to experiment with various inputs. Also try variants for real numbers. 


<End> 
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Number Systems 


1 Introduction 


Most computers make the binary distinction between 0 and 1, and process more complex representations constructed 
from binary information. In order to understand computers, it is essential to be able to deal with the languages of 
computers effectively. Since the basic components are 0’s and 1’s, we study these in conjunction with related 
representations and compare them with the more familiar decimal number system. 


Goals of this handout: After studying the materials in this handout, you will be able to understand: 
e Why there are different number systems and how they are relevant to computers 
e The representation of different number systems as well as conversion between them 


2 Decimal Number System 


Let us start from decomposing a number based on our usual system. 
123 =1x 100+2x 10+3=1x 10°+2x 10'+3x 10° 


This is a fairly intuitive decomposition of the number 123. Since each digit indicates a multiple of some power of 
10, this “10” is referred to as the base. This system is called the decimal number system or the base-10 number 
system because of the particular base. To distinguish a number in the decimal system from those in other number 
systems, we may write 12319. 


3 Binary Number System 


The most basic number system is the base-2 or binary number system. Since the base 2 can distinguish only two 
states, we can only write either 0 or 1 for each position. Each position in the binary number system is referred to as 
bit (coined from “binary digit”). The term bit is also used as a unit of information that makes 2-way distinction. 
This system is by far most important to computers because bistate electronic circuits can be easily constructed. 
Binary numbers are written as 101, or 101b to be distinguished from numbers in other number systems. Analogous 
to the decomposition of a decimal number shown earlier, we can decompose a binary number in the following 
manner: 


101,=1x274+0x2'41x2°=1x440x241=519 


AS a consequence, we can interpret a binary number in terms of the usual decimal number system. The leftmost bit 
affects the value of the number most significantly and the rightmost bit, least significantly. For this reason, leftmost 
and rightmost bits are referred to as the Most Significant Bit (MSB) and the Least Significant Bit (LSB), 
respectively. 


4 Hexadecimal Number System 


Although the binary system is an inevitable choice for computers, it is rather difficult for humans to read, and it can 
take up too much space to write down (needs a longer sequence of 0’s and 1’s than other number systems). There is 
another common number system that is closely related to the binary system but without these shortcomings. It is the 
hexadecimal or base-16 number system. It is widely used to represent internal states of computers for human 
review. 


Because of the 16-way distinction, the hexadecimal system requires 16 distinct symbols. The standard practice is to 
use alphabets A, B, C, D, E, and F to represent the values 10, 11, 12, 13, 14, and 15, respectively. Since the 16-way 
distinction requires exactly 4 bits to represent, hexadecimal number can represent a value four times shorter (in 
terms of the number of symbols) than a binary number can. Hexadecimal numbers are represented in various ways: 
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9ABi6 = 9ABh = Ox9AB. In particular, the last notation is used in programming languages including C. Again, 
analogous to the decimal system, we can interpret a hexadecimal number in the following manner: 


9AB i, =9 X 167+ 10X 16'+ 11 x 16°=9 x 256 + 10 X 16 + 3 = 245710 


The unit that can be represented by 8 bits or 2 hexadecimal characters is referred to as one byte. One byte of 
information can make 256 (2°) distinctions. That is, a single byte can store a number between 0 and 255. 


5 Base-k Number System 


We can also create a number system for an arbitrary base k > 1. Another common example is Octal number system, 
whose base is 8. Octal numbers are represented as follows: 567s = 0567. Note that in some programming 
languages including C, the leading 0 indicates that it is an octal number. So, a statement like “int x = 0678;” 
will generate an error in C. 


6 Conversion between Different Number Systems 


6.1 Base-k to Decimal 


We have already seen how to convert a binary number to a decimal number. 
101, =1x2?+0x2'4+1x 2°=1x44+0x24+1=5, 


In general, for a base-k number py Py-1 ... Pi Po, Where p; indicates the ith position from the right (counting from 0), 
the corresponding decimal value can be computed as follows: 


value, = Y(p, xk’) (1) 


i=0 


6.2 Decimal to Binary 


In principle, decimal-to-binary conversion applies the formula (1) in reverse. Let us first observe the idea and then 
introduce a practical procedure. 


Here is the same example used earlier. 

101,=1x 27+0x2'+1x2° =51o 

Except for the LSB, we can factor 2 from each term as shown below. 

[1x 2'4+0x 2°] x24+1=519 

Thus, if the number is odd, the LSB must be | as underlined in the above equation. On the other hand, if the number 
is even, the LSB must be 0. We now know the LSB. If the entire number is simply 0 or 1, we are done. If the 
number is greater than 1, we need to find out what other bits would be. 

The next step is to analyze the bits within the square brackets. In order to do this, we first remove the effect of the 
LSB. If the LSB is 1, we subtract | from the original value. If the LSB is 0, we don’t do this subtraction. In the 
above example, we obtain the following: 


[1x 2'4+0x 2°] x2=41 


At this point, we know that the left-hand side (LHS) is divisible by 2 and so is the RHS. After dividing the both 
sides by 2, we obtain the following: 
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1x 2'4+0x2°= 219 


Then, we basically see the same pattern as the one we started with. We can thus repeat this procedure. The LSB of 
this stage is 0. Thus, this corresponds to the second rightmost bit of the original number. 


We factor 2 from each term except for the LSB. 

[1 x 2°] x24+0=2,0 

For this stage, the LSB, 0, does not affect the value. So we get the following: 
[1 x 2°] x 2= 21 

We now divide the both sides by 2. 

1x 2°= lig 


The LSB for this stage is 1, which corresponds to the MSB of the original number. We can now terminate the 
process. 


Although the above process works just fine, there is a more practical procedure to do the same thing. The procedure 
is a variant of applying the long division as shown below. 


2)5 

2)2..1 << the LSB 
1 ...0 |< the second bit from the right 
t 

the MSB 


This corresponds to the equality: 5;) = 1015. Let us compute the binary value corresponding to 11 9. 


2)11 

2) 5 ...1 < the LSB 

2) 2 ....1 << the second bit from the right 
1 ...0 the third bit from the right 
t 

the MSB 


This corresponds to the equality: 11,9 = 1011,. By now, the procedure must appear fairly mechanical. Do you think 
you can write a program to do this? We will actually implement a short C program to do number system 
conversion. So, get familiarized with the definition and algorithms. 
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6.3 Decimal to Base-k 


The idea here is analogous to the binary (base-2) case. We do the division with the divisor k instead of 2. For 
example, let us try converting 119 to the ternary system (base 3). 


3) 11 
3) 3 ..2 < the rightmost position 
1 ...0 << the second position from the right 


t 


the leftmost position 
This corresponds to the equality: 11,9 = 1023. We can verify the conversion as: 
101;=1x3°+0x3'4+2x39=1x94+0x34+2= Ili 


In a similar way, we can convert a decimal number to the corresponding number of any number system. 


6.4 Between Hexadecimal and Binary 


We can now convert between any number systems using the techniques described above via the decimal system. 
But for conversion between hexadecimal and binary falls into a special case where we can do the computation more 
easily. We know that one hexadecimal position corresponds to 4 bits. 


For converting a hexadecimal number to a binary number, we can replace each hexadecimal position with the 
corresponding 4 bits. For example, 2F;5 can be converted to [10][1111]2 because 216 = 102 and Fig = 11112. We do 
not need leading 0’s. 


For converting a binary number to a hexadecimal number, we can combine every 4 bits (from the right) and convert 
each group into the corresponding hexadecimal number. For example, rewrite 10100011, as [1010][0011],.. 1010, 
and 0011, corresponds to A and 3,6. So, the corresponding hexadecimal number is A34¢. 


7 Unit of Storage 


When we store numbers in a computer, we normally allocate only a finite amount of space for each number. By 
fixing the size of storage, we can handle numbers easily and efficiently. Typical storage sizes are 8, 16, 32, and 64 
bits. 


To represent alphanumeric characters commonly used in the English-speaking world, we usually use 1 byte (8 bits). 
The most widely-used encoding for alphanumeric characters is the ASCII (pronounced as ask-key) standard. The 
value corresponding to a character is called the ASCII value, variously represented in the decimal, hexadecimal, or 
octal system. For actual ASCII values, refer to a programming text or search the web. For a language such as 
Chinese, | byte is not enough to encode all the characters. 


To represent a number, we commonly use 16, 32, and 64 bits. A 16-bit storage can represent a value between 0 and 


65535 (2'°), which is sufficient for many cases. A 32-bit storage can represent a number as large as about 4 billion, 
which is sufficient for most cases. 


<End> 
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Announcements 


You must have received an e-mail message regarding your grades. The course page will no longer be 
updated. If you have a question, please send e-mail to the instructor. [12/17/03] 

Final/Module D Comprehensive Exercises are available. | strongly encourage that you go over the four 
problems and ask questions (if any) during the Friday meeting. [12/4/03] 

Final/Module D Take-Home Exercise Self-Evaluation Forms have been distributed in class. It is also 
available on-line. You can also take a look at Final/Module D Comprehensive Exercise Self-Evaluation 
Form (to be distributed on the final workshop day). [12/2/03] 

When you do D4 Ex2, see C6 supplement exercise with solutions. [12/2/03] 

Your current grades are now available on the grades page. Please check their accuracy. [11/21/03] 

| was told that the entire program of "The Elegant Universe" is available on-line (http://www.pbs.org 
/wgbh/nova/elegant/program.html). Thanks to Eric Thul for the information. [11/18/03] 

Mini Project Phase 2 is due on Tue., Nov. 18. [11/14/03] 

One more thing about Module C Evaluation: Please come on time. If you are late for a seesion (except for 
special cases described on my students page), | will not provide an opportunity to make up the session. 
[11/12/03] 

More about Module C Evaluation [11/11/03] 

o After the evaluation, there will be no review period. 

o Critical analysis of your partner: Try to be as accurate as possible. For example, if your partner's 
exercise has good points, you must identify them in your analysis. On the other hand, if your 
partner's exercise needs improvements, you must identify them. In many cases, your partner will 
have both strengths and weakness. Thus, you will need to reflect them accordingly. | will pay more 
attention to your critical analyses because this will most likely reveal your real understanding. If your 
critical analyses do not match the quality of your own exercises, | will definitely invite you for 
additional interviews for individual evaluation. 

Grades page has been updated and now reflects my records after the Module B review period. Please 
check the accuracy. [11/10/03] 
Module C Evaluation: Here are some announcements. [11/6/03] 

o Workshop procedure and criteria: These are substantially modified (see the form). Make sure to 
read and understand them. 

o Collaboration and evaluation: As | always say, | encourage group work. However, your evaluation 
must be individual. That is, whenever you submit work that is to be evaluated (directly or indirectly), 
you must reflect your own understanding. Since it is apparent that no single indivual is identical to 
another, your writing must be different. When | identify basically the same writing, | will suspend 
evaluation and will require the student's support of their writing, in writing or orallly. 

o Mini Project Phase 2: Due on Tue., Nov. 18 (not on Nov. 14). 

© Questions on Comprehensive (and other) Exercises: If you have questions, please send them to me. 

It is not my intention to create unnecessarily confusing problems. | do intend to make certain 

problems open-ended, though. But you must be able to understand what | want you to do. 
Extended office hours: Between 11 a.m. and 1:50 p.m. on Thu., Nov. 6, | will be holding an advising 
session in HH132 (the theater lab?). Since | do not expect many students during this period, you can come 
and discuss your Module B package if you like. You do not need to make an appointment; there won't be 
many students. But in case someone else is with me, you will need to wait. [11/5/03] 
Quantum Computing: Eric Thul in Section 1 sent me a link to quantum computing 
(http://www. infoworld.com/article/03/10/29/HNquantambreakthrough_1.html), a forefront of computing 
technology that may be seen in the light of multiple-value Boolean Algebra. Although | have seen a 
comment that quantum computing is not Boolean, this seems to refer to the point that the concept of 
"superposition" cannot be represented with two values. As we discussed in class, the general definition of 
Boolean Algebra allows multiple states as well as operations applied to those states. So, | think this 
general definition of Boolean Algebra can be used to characterize quantum computing to some extent. 
[10/31/03] 
Unit C2 Exercise 2 (Exotic Logic and Circuits): Today, | did not explain the concept of complement well 
enough for you to be able to answer Questions A/B. I'm sorry about this. So, | will disclose the answer to 
Question A: Prop3 cannot be a Boolean Algebra due to a problem with the complement function '*" (you 
can just answer this way or skip it). Now, we could define '*' = {(T, F), (U, U), (F, T)}, i.e., 7U =U, etc. 
Then, | believe that we can actually satisfy all the properties, at least as written in the definition slide. The 
problem with this definition of complement is as follows. We want to ensure: for any x, x v 7x = T 
(tautology) and x “ =x = F (contradiction). However, with the above definition of complement, we would 
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have: Uv 7U =UvU =U andU* -U =U“*U =U. This is unacceptable for a Boolean Algebra. On the 
other hand, for Bool4, you can define the complement so that 'heart' and 'spade' are complement of each 


other and still satisfy: for any x, x v 7x = T and x ‘7x =F. For Set3 and Set,, adopt the usual definition on 


sets. Then, you should be able to check the properties. Note that the complement must be defined with 
respect to the universe, i.e., the set in each structure, e.g., S3 in Sets. In any event, try what you can do. 
Stop where you cannot proceed any longer. As | said, we will go over this in the next class. [10/28/03] 
Sample solutions to B6 exercises are available here, and B7 supplenetal exercises are available here. 
Make sure to read all the available on-line documents. [10/14/03] 

Take-home exercises: When you write up your take-home self-evaluation forms, you will need to respond 
to my comments and make your exercises as complete as possible. Since | do not in general post 
solutions to exercises, you might wonder how to be confident about your ideas. Here are my suggestions. 
[10/13/03] 

o First, as always, | encourage you to work together. However, your writing must come from your 
mind, and should not be a copy of someone else. If | see exactly same answers, | will require 
individual interviews to make sure your understanding. 

o Second, discuss with me after class or make an appointment before the evaluation workshop. If you 
present your ideas, | will gladly discuss them in detail. 

Again, in Section 1 (i.e., the 9:30 a.m. class), | made a mistake (sorry). Please see the supplement on-line. 
[10/10/03] 

In Section 1 (i.e., the 9:30 a.m. class), | had trouble explaining Group Exercise B2. Here is what | was 
supposed to say. [10/7/03] 

See B3 supplement for my comments on checking functions (and their properties). [10/6/03] 

Clarification on the exercise re-doing process [9/28/03] 

© To maintain the adjusted scores on the sheets, you must resubmit the evaluation packet by the class 
on Fri., Oct. 3. 

o To attempt to upgrade your scores beyond what are on the shetts, you must make an individual 
appointment and convince me before the class on Fri., Oct. 3. You can also come in during my 
office hours. However, in case someone else is with me, you will need to wait. This is the only way 
your scores may be upgraded. Resubmission with revision and/or additional materials will not be 
considered for upgrading your scores. 

o If you have a convincing reason for not being able to re-do exercises by the deadline, you must 
contact me before that deadline. Note that simply running out of a slot immediately before the 
deadline will not be acceptable because there were plenty of slots available earlier. 

o Module A consists only 10% of the course grades. However, completely understanding what 
convincing arguments for achieving the learning goals are like through discussion with the instructor 
may well affect the way you do later evaluations. 

Exercise re-do: As | said, try to make an appointment early. If you did not convince me 100% at this point, 
the chance is that it might become even more difficult to convince me later. Make sure that you understand 
what you need to do for the coming evaluation workshops. [9/23/03] 

Due to the power outage, both sections were canceled today. The schedule will be modified accordingly. 
Note that self-evaluation packets are ready for review. If you want to see them before Tuesday, stop by at 
my office on Monday. [9/19/03] 

Exercise BO is due at the beginning of the class on Fri., Sep. 19. For the exemption condition, see the 
exercise. [9/16/03] 

See the Q&A page for some hints on Module A Comprehensive Exercise Question 3. In general, you 
should check the course page for new posting at least daily. [9/15/03] 

If you want to reflect on Take-Home Exercise A3 before the evaluation workshop time (when you will have 
little time), you can pick it up in my office on Monday. | will be in my office most of the day except for my 
class time (See my on-line schedule). [9/14/03] 

See my general comments on the exercises turned in on Friday. This may be helpful for doing self- 
evaluation and Comprehensive Exercises. [9/13/03] 

There were a few errors (e.g., commutativity) on the preliminary lecture A3 slides. I'm sorry about them. A 
revised version is now on-line. In general, | post the version used in class after Section 2 lecture is over. 
[9/9/03] 

If you missed the first class meeting, please read and understand the syllabus and other on-line 
documents. Note that there is a take-home exercise due at the beginning of the next class (available on- 
line). [8/26/03] 

Link to an NPR program "Job Interviews Get Creative" on 8/22/03 (http://Awww.npr.org/features 
/feature.php?wfld=1405340). [8/26/03] 
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e Welcome to CMSC210 course page (for both Sections 1 and 2)! [8/13/03] 


<End> 
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Q&A 


Q: [Unit D3 Ex1] | noticed that their might be an error in the logic as defined at the beginning of the 
exercise. I'm not sure whether or not you intended it to be this way, so | figured I'd ask. Here's the part 
where (I think) there is an error: isTrue((not"q" or not"p") iff ("q" if "p")) = F 

If "p" = True and "q" = False, then should not this statement be true? 

-Since "q" is false, the first part of the wff is true. 

-Since "q" is false, the second part evaluates to true regardless of "p" 
-True iff True = True 

Is that reasoning correct? A: You are absolutely right. Sorry again. I've revised the exercise 
(unfortunately, it's too late). [8am, 12/2/03] 

Q: [Unit D2 Ex] For the string replacement, the problem states, "...would replace all occurances of the 
specified substring with another substring...", so for the first example, "replace (inputString, in, out) 


= outputString", would it be: replace (inputString, in, out) = outputStroutg because in 
"inputString", "[in]putStr[in]g" need to be replaced? A: You are right. Sorry. I've fixed the exercise. 
[11/25/03] 


Q: [Unit D1 Ex] | have been trying to work out exercise 2a since yesterday, and | just cannot seem to figure 
out what about condition 1 and the definition of complement would cause condition 1 to be invalid. A: 
Consider three countries, say, A, B, and C. Then, imagine a situation corresponding to "enemy of enemy." 
What can you conclude with the available information (including that "friend" is the complement of 
"enemy"? [11/19/03] 

Q: [Module C Comprehensive 3C] When you ask us what kind of structure a regular expression or FSA 
would specify, are you asking whether it is operational or relational? A: Well, many of structures we 
discussed were operational or relational. But there were also hybrid structures (both operational and 
relation) and structures that are neither operational nor relational. Before classifying the desired structure, 
think what they really are. [11/12/03] 

Q: How can we visualize complements in the Hasse diagram corresponding to a Boolean Algebra? A: 
View the diagram as an n-dimensional (sort of) "cube." Then, the complement of a point is the furthest 
point. Try this with 1, 2, and 3-dimensional Boolean Algebras. [11/12/03] 

Q: For question (2), in the diagram, there are two states that have the label '4'. Was that intentional? A: 
No. Thatis an error. Sorry, again. I've posted a revised version. [4pm, 11/11/03] 

Q: Doesn't one of the acceptable sequences in Exercise 3 violate one of the conditions? | refer to the 
sequence "GFCGEDEG". It would seem that the first 'E' violates the part of condition 2 that states that they 
always occur "in that order", seeming to refer to 'D' followed by 'E'. A: You are right. Sorry. The first 'E' 
must be removed to be acceptable. | just made the correction to the exercise. [7:30pm, 11/10/03] 

Q: When | got my Module B packet back, | noticed that individual sections for the Comprehensive Exercise 
had no "Adjustment By the Instructor". | figured that you simply might not have written them on the sheets, 
but | found that you hadn't posted them on the grades page of your website. | didn't see any comments on 
the evaluation sheets, other than the star on the Take-Home Self-Evaluation Form (which was the only 
form with an instructor adjustment). I'm not sure how to interperet all of that. Did you agree with my self- 
evaluation? Do you need me to do something in order for you to grade me on those sections? A: | 
mentioned the following at the beginning of UnitC1. When | recognize substantial similarily (near 
isomorphism) in multiple comprehensive exercises, | leave the adjustment area blank (does not mean that | 
agreed with your self-evaluation) and invite you to make an appointment and discuss your understanding 
invidually with me (see an earlier announcement and syllabus about my position). | will adjust your scores 
at that point. | did not write comments on your exercises because | really want to discuss "your" 
understanding of what you wrote. To get your scores (adjusted), you will need to make an appointment just 
like upgrading your scores. [10/29/03] 

Q: For the comprehensive exercise (question 2, Crime Scene), is part D/E in reference to the CrimeScene 
structure you provided, with "Objects, Cats, People", or can we refer to the logical statements at the 
beginning of the question as well? A: All the questions in Part 1 (A through E) refer to the same logic- 
structure connection, i.e., the connection between the logical statements in "Information" and the specified 
structure "CrimeScene." The structure CrimeScene can only be understood as the smallest structure that 
is specified by Information. So, when you do Questions D and E, you naturally refer to Information as the 
logic that still specifies CrimeScene. [10/15/03] 

Q: | am a little confused about the requirements of the mini-project. | understand that we have to pick a 
real world phenomenon and model it, but are we to model it formally using structures, or informally like in 
module A. | read the page posted about the project, but | am still unclear what exactly you mean by 
"describe" at this point.. A: For Phase 1, you only need to write in plain English what object/phenomena 
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you will be modeling and where you see the logic-structure connection. There is no need to do this 
formally. That is the focus of Phase 2 (by the end of Module C). As | mentioned in class, one or two 
paragraphs may be sufficient (although | do not specify min/max length). In addition, you can show me 
your mini project or send it to be by e-mail if you want feedback. [10/14/03] 

Q: My big question is on proof with contradition and contrapositive. A: Here, | will focus on proof by 
contradiction. First, if you want to go over proofs, see the textbook Section 1.1 (remember that the text is 
on reserve in the library). This proof technique is used widely in Math, esp. for proving negative results or 
when direct proof is not obvious. As an example, let us prove that the square root of 2 is not a rational 
number. To use "proof by contradition," we hypothesize the contrary to our desired conclusion (in the hope 
that it will eventually be rejected). That is, we hypothesize that the square root of 2 is a rational number. 
Then, there must be some natural numbers a and b such that a/b is the square root of 2, where b is not 0. 
Squaring both sides, we obtain that a2/b2 = 2. At this point, we list all the squares of natural numbers: 1, 
4, 9, 16, 25, .... No two squares have the ratio 2. So, a2/b2 = 2 is actually impossible. Thus, the 
hypothesis that the square root of 2 is not a rational number must be wrong. Then, the opposite (the 
square root of 2 is not a rational number) must be correct. Try to see this against the example we 
discussed in class. You should find that the proof pattern shows the reasoning clearly. [10/8/03] 

Q: For B3 Exercise 3: Board Game, question B, it states, "Do not refer to any of the conditions" ...1 am not 
sure how to define an input and output if | cannot refer to the conditions. A: You define the function using 
the list notation, not the predicate notation (in the latter, you can use the conditions/rules, which is not 
called for in this problem). [10/2/03] 

Q: | was just wondering if we are suppose to write out answers for the Module A Performance Goals? A: In 
your eval form, explain how you achieved those learning goals. To do it, you should use your experience 
with (and answers to) Comprehensive Exercises. As | said in class, doing exercises is just a means to 
achieve learning goals. So, this kind of self-evaluation must be taking place at a level higher than just 
doing exercises (called meta-level). If you reflect things at a meta-level, you may be able to see things 
beyond what you would normally see. [9/15/03] 

Q: (Module A Comprehensive Exercise) Question 3A says to list good and bad comments. Would a bad 
comment be a poorly done comment, or one that doesn't work? Because if it is just poorly worded, all of 
the comments will still compile in Question 3B. Or do you mean like /* Hello */ world /*this */is /*end of 
c*/omment */ as something that works but isn't good, or like /* this is an int int x = 0 */ where code is there 
and comment is wrong? What do you mean exactly? A: First, a few general remarks. This is a problem 
about "logic-structure connection." You must think whether the specification given in the problem correctly 
capture all the scenarios that correspond to our intuition. More specifically, when we say "all of the 
characters between /* and */ are ignored,” do we really want al/ of the (possible) characters? If so, what 
can there be between /* and */? Would certain cases change what you intend? For example, examine 
one of your examples carefully. Did you intend that the entire section of "/*this */is /*end of 
c*/omment */" be commented out? Would Java/C++ compilers interpret the same way? In response to 
Question 3A, "good" examples are those that would be consistent with the given specification. "Bad" ones 
are the rest. In response to Question 3B, you will test each one of them whether they are actually 
interpreted as comments by Java/C++ compilers. If exactly the "good" examples that you listed (and not 
the "bad" ones) are correctly commented out by the compiler, you can conclude that the given specification 
is appropriate. If not, you have to think what is going on. Again, this is a problem of analyzing the 
connection between logic (i.e., logical statements, specification, etc.) and structures (i.e., scenarios, cases, 
representations, etc.). Review the learning goals and identify which one of the learning goals you see in 
this problem. This is probably an ill-defined problem. However, the developers of programming languages 
went through stages very similar to what you are experiencing in this problem. | believe that skills for 
analyzing and responding to a problem like this is what you will need when you tackle real-life problems. 
[9/15/03] 

Q: For Exercise A2-2, Question 4, | was wondering what you define "boundary" as? Because, | would think 
that if an island had a lake, wouldn't that island be the lake's boundary? | was just a little confused on this 
problem. A: Technically, the boundary of a lake would be the extent where the water exists. The existence 
of rivers going into/out of a lake can introduce complication. However, you should focus on the question, 
i.e., which (among set, relation, and function) would be the most appropriate way to represent such lakes. 
Then, it won't be that important to understand the precise meaning of that kind of (mysterious) lakes. 
Recall, for example, the set of Santa Clauses; most adults’ understanding is that Santa Clause is virtual (or 
abstract). We can freely think of sets of abstract things, relations among abstract things, etc. [9/7/03] 

[Not a technical question; Not a course topic either, but ...] Q: What is your favorite TV show? A: It's 
"NOW" on PBS. | highly recommend it to all of you. [9/4/03] 
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Response to Midterm Survey, NK, 10/27/03 


Class meetings/notes 


Comments: 


Response: 


Comment: 
Response: 


Comment: 
Response: 


Comment: 
Response: 


Comment: 
Response: 


Comments: 


Response: 


Comment: 
Response: 


Comment: 


[multiple] (1) Class (Module B) was rushed. (ii) Move slower with each topic. (iii) Take it slow. 
(iv) Initial discussion of new concept goes too quick. 

I accept these comments. I think B2, B3, and BS in particular were rushed. One reason was the 
following: I used basically the same materials as Spring 2003, but we did more in-class group 
exercises. I will need to estimate group exercise timing more accurately. I also got comments that 
proofs in B5 were rushed. I feel that it is important to “know” the concept of proofs in relation to 
the syntax-semantic connection of Propositional Logic (as proofs are often easier than semantic 
analysis). Naturally, we won’t be able to do proofs really well with that kind of practice. But I 
hope that the unit provided a tool for analyzing logic-structure connections (e.g., Module B 
Comprehensive 2B). For Module C and D, I am planning to spend a little more time for each 
topic. As a result, I may remove some (sub)topics. 


Explain concepts better. 
I really want to do it. But I appreciate if you tell me a bit more about how you want me to do it 
better (maybe send your suggestions by anonymous e-mail). 


How this is actually useful outside class. 

Although this is not normally addressed in a Discrete Math class, I believe that Discrete Math can 
have a profound impact on how you think in general and, more in particular, how you analyze the 
use of language, symbols, and any form of communication in connection to what we really need to 
convey/understand. I am trying to explain this in various forms so that everyone in class can 
understand the idea. For example, the informal discussions in Module A is one way to appeal to a 
broad range of students. Unfortunately, I know that I have never been as successful as I want 
(although there were some very positive feedback on this point). According to my observation, 
students who can understand the impact of Discrete Math in general tend to be those who can 
think at the meta-level. That is, they can see their own situation objectively from outside their 
current activities and reflect their observation in a positive way in their activities. 


Increase student participation (instead of letting same students attempt all questions). 

I really want to do this, but never enough. I try to solicit responses from as many students as 
possible. Unfortunately, in many cases, those who volunteer remain in a fixed set. As I do not 
want to force students to speak up in class (although I did this a few times this semester, sorry), I 
simply ask you all to try to contribute to the class discussion. 


Maybe individual exercises as well as group work. 
In a past semester, I did only individual in-class exercises and in some other, the mixture. This 
semester, I am experimenting only group exercises. So, please bear with me. 


[multiple] (i) It would be helpful to have more detailed notes available online. (ii) Notes should 
have more explanations. 

I agree. Unfortunately, I cannot in practice write any more than what I have now. Since I believe 
that Discrete Math based on the logic-structure connection is a good way to explore the topics, I 
may put things together to compile notes (or a textbook) in the future. If someone is interested in 
co-authoring such notes with me, it might be a CMSC497 topic. 


More examples in slides. 
I think I have a fair number of examples. I am interested in how exactly you want to see more 


examples (again, maybe send me e-mail anonymously’). 


Maybe format the PowerPoint slides to have 3 slides a page and lines for more notes. 


Response: 


Exercises 


Comments: 
Response: 


Comment: 
Response: 


Comment: 
Response: 


Comment: 
Response: 


Comment: 
Response: 


Comment: 
Response: 


Comment: 
Response: 


Comment: 
Response: 


According to students’ survey I did in the past, the current format was the most preferred one 
(keeping the number of pages minimum). If the majority of you prefer 3 slides with notes, I will 
do so. 


More time to complete the exercises. [another, similar] 

I will stick to the current cycle of exercises, i.e., after every lecture. My experience is that if you 
are given one week to complete, you will not do it until late. If the exercises take too much time, I 
will consider adjusting the amount. According to my surveys, the number of hours spend outside 
class for this course are more or less the same every semester (on average), and not radically 
different from the time spent for other courses. So, my feeling is that it is doable. On the other 
hand, Module B Comprehensive Exercises were probably too long. I will adjust the length in 
Module C. 


Module assignments [comprehensive exercises] a little less time consuming. 
[See my response to the previous question] 


Module assignments [comprehensive exercises] more comparable to take-home exercises. 
[See my response to the previous question] 


Slightly less abstract exercises; some are very confusing. 

We need to be clear about the difference between unclearly-written questions and intentionally ill- 
defined questions. Obviously, we must avoid the first category. Although I review and revise 
exercises many times before being posted (and occasionally use my wife for checking clarity), I 
know I will never be perfect. One thing I really want you to do is if you find an unclear exercise, 
please send me e-mail. I normally respond to such a question by posting Q&A within a 
reasonable time. If the issue is about the second category, we must be able to tackle it. For 
example, if you understand what you need to do about, say, the Ping-Pong problem, you must 
apply all of what you know. [See my response to the following question] 


Sometimes it is difficult to feel confident with answers. 

Most problems in real-life are open-ended. As I mentioned, even job interviews are involving 
more and more open-ended questions (see the announcement page for a link). In that case, there 
will be no “expected” answers. Your answer, regardless of its correctness, might be the only 
answer offered to the problem in hand. To be able to cope with situations like that, you will need 
to develop skills to be able to evaluate your performance, again at the meta-level. In this course, I 
hope that you gradually gain the confidence in your answers through exercises, feedback, and 
evaluation workshop. 


Answers for all exercises posted after due date. 

For the reasons discussed above, I am not planning to post answers to exercises (except for some 
special cases). However, it is also true that you will need feedback. If you want to discuss my 
feedback more in detail, make an appointment. I will be happy to do so, probably without giving 
out an expected answer. 


The smaller questions with short answers should be combined if talking about similar topics. 

I do not think I understand this comment very well. If it requests for reducing the amount of work 
for analogous questions, that sounds reasonable. I cannot recall any particular case, though, where 
this point applies (maybe tell me where this could apply by anonymous e-mail). 


Make homework easier to do. 

My intention is to maintain the current level. But I continue to ask for your inputs. In general, 
open-ended questions must appear more difficult to complete. But you are not expected to answer 
every single one of them correctly. As long as you demonstrate that you achieved the learning 
goals, that should be enough. In my opinion, being able to tackle and get some incomplete 


outcome for a difficult problem is more valuable than being able to give a complete answer to easy 
questions (with expected solutions). 


Comment: More time given to review take home exercises. 

Response: So far, I reviewed take-home exercises at the beginning of each class based on your request. 
When I noticed common problems after writing feedback, I also discussed them one class meeting 
later. I think I’m going to continue this pattern. So, if you feel I should spend more time, please 
say so when I ask for your questions. 


Comment: For all the work put in, I feel ’'m not learning anything useful. 

Response: Iam sympathetic to you. The best I can reply would be to repeat my response to an earlier 
question “How this is actually useful outside class.” Like anyone else, I feel my limitations. 
Although I am trying my best to make the learning environment useful for every student, by no 
means, I claim that I can please everyone. 


Evaluation 

Comment: By having students write out what they learned and how at the end of each module is a more fair 
self-assessment, I feel. 

Response: This is a really good suggestion. I wish your grade for a course can be expressed in this manner. I 


am still in the process of experimenting different types of non-exam, formative evaluations. The 
evaluation scheme in another course of mine appears to be more like what you recommend. 


Comment: Better explanation about the learning goals section and how to do it. 

Response: After doing Module A Evaluation Workshop, I realized that you needed more instructions. I 
added some in Module B. But I am still frustrated with what I wrote. I will revise again in 
Module C, and probably in the final as well. 


Comment: More time, perhaps fewer problems, to allow more discussion. 

Response: As I observed the entire class, I noticed a great variation among the group with respect to how 
they use the time, how much detail they discuss, etc. So, I will stick to the current format. But as 
I noted above, I will revise the instructions for Module C and D (final). 


// End 
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Final Report 
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Friendly Conflict 


In high school, I got along with different groups of people and had many friends. 
However, there was always a problem when attempting to organize a get-together. Due 
to the range of my friends, some of them did not like or get along with others. How 
could I avoid any arguments and how many parties would I have to give to spend time 
with all my friends? These were the questioned I always asked myself. 

In order to represent everyone, each person’s name in put in a set, Friends. Then 
there can be a relation, known as conflict, that will yield ordered pairs of people that do 
not get along with each other. So logically the compliment will give the people that do 
get along. 

Friends: a set of all my friends 

conflict € Friends x Friends 

noConflict = conflict’ 

It is important to use a relation rather than a function, because one person can 
dislike more than one of my other friends. However, if there is a Boolean type set, 
dislikes, then a function can be used. This is similar to the virtual pet example. 

conflictFunc : Friends x Friends — dislikes 

It would look similar to this: 


conflictFunc = {((person1, person2), true), ((personl, person3), false), ...} 


Another problem was always what to do after avoiding conflicts. My friends may 
get along now, but their idea of what to do as a group (or subgroups) may differ. A 
function to conflictFunc can be used to find out what two people like to do with each 
other the most. 
favorite: Friends x Friends > Events 
i.e. favorite = {((personl, person2), ping pong), ...)} 
Below are all of the elements I have listed above. And they can be placed in a 
structure named Party. 
Party = (Friends, conflict, noConflict, conflictFunc, favorite, Events) 
— Friends: a set of all my friends 
— conflict c Friends x Friends 
— noConflict = conflict’ 
— conflictFunc : Friends x Friends — dislikes 


— favorite: Friends Xx Friends > Events 
— Events: a set of events, e.g., ping pong 


Here is a concrete example of Friendly Conflict with schematic representations as well. 


Party = (Friends, conflict, noConflict, conflictFunc, favorite, Events) 
— Friends: a set of all my friends 
— conflict c Friends x Friends 
— noConflict = conflict’ 
— conflictFunc : Friends x Friends > dislikes 
— favorite: Friends x Friends > Event 
— Events: a set of events, e.g., ping pong 


I exclude myself from the Friends set only because if anyone did conflict with me, then 
he or she would not be my friend. Therefore, it can be assumed that every member of 
Friends gets along with me. 


Friends = {Laureen, Christie, John, Kris, Candice, Jaclyn, Melissa, Chris} 
conflict = {(Laureen, Jaclyn), (Laureen, Chris), (Kris, Candice), (Candice, Kris), 
(Jaclyn, Laureen), (Jaclyn, Melissa), (Melissa, Jaclyn), (Chris, 


Laureen) } 


It turns out that for every relation (x, y) € Friends, (y, x) € Friends holds, which makes 
the relation symmetrical. This situation can be represented in the following way. 


Laureen Laureen 
Christie 
John 
Kris 
Candice 


Jaclyn Jaclyn 


Melissa 
Chris 


Melissa 
Chris 


Then the noConflict relation can be represented (conflict’). It is noticeable in this 
drawing that the relation is also reflexive. It makes sense to say that a person gets along 
with him or her self. 


Laureen 
Christie 
John 
Kris 


Candice 


Laureen 
Christie 
John 
Kris 


Candice 


Jaclyn Jaclyn 


Melissa 
Chris 


Melissa 
Chris 


noConflict may have sounded like a useful relation, but only until the schematic is drawn. 
This does not mean that it is less useful; it just depends on the situation. If there were 
more conflicts than people who get along, then this relation would be easier to use. 


If the drawings get too complicated, the conflictFunc function can be used to see 
precisely who conflicts with others because it includes everyone. The problem with this 
method is that as the number of people increase so does the elements of the function (n’). 


conflictFunc = 

{ ((Laureen, Laureen), false), ((Laureen, Christie), false), ((Laureen, John), false), ((Laureen, 
Kris), false), ((Laureen, Candice), false), ((Laureen, Jaclyn), true), ((Laureen, Melissa), false), 
((Laureen, Chris), true), 

((Christie, Laureen), false), ((Christie, Christie), false), (Christie, John), false), ((Christie, Kris), 
false), ((Christie, Candice), false), ((Christie, Jaclyn), false), ((Christie, Melissa), false), 
((Christie, Chris), false), 

((John, Laureen), false), (John, Christie), false), (John, John), false), (John, Kris), false), 
((John, Candice), false), (John, Jaclyn), false), (John, Melissa), false), (John, Chris), false), 

((Kris, Laureen), false), ((Kris, Christie), false), ((Kris, John), false), ((Kris, Kris), false), ((Kris, 
Candice), true), (Kris, Jaclyn), false), ((Kris, Melissa), false), (Kris, Chris), false), 

((Candice, Laureen), false), (Candice, Christie), false), ((Candice, John), false), ((Candice, 
Kris), true), ((Candice, Candice), false), ((Candice, Jaclyn), false), (Candice, Melissa), false), 
((Candice, Chris), false), 

(Jaclyn, Laureen), true), (Jaclyn, Christie), false), (Jaclyn, John), false), (Jaclyn, Kris), false), 
((Jaclyn, Candice), false), (Jaclyn, Jaclyn), false), (Jaclyn, Melissa), true), (Jaclyn, Chris), 
false), 

((Melissa, Laureen), false), ((Melissa, Christie), false), ((Melissa, John), false), ((Melissa, Kris), 
false), (Melissa, Candice), false), (Melissa, Jaclyn), true), ((Melissa, Melissa), false), ((Melissa, 
Chris), false), 


((Chris, Laureen), true), ((Chris, Christie), false), (Chris, John), false), ((Chris, Kris), false), 
((Chris, Candice), false), ((Chris, Jaclyn), false), (Chris, Melissa), false), ((Chris, Chris), false) } 
The favorite function is similar to the conflictFunc because it will have the same number 
of elements (This will be shortened). favorite will include © in the case that the pair is 
reflexive or the two do not get along. 


favorite = 

{ ((Laureen, Laureen), ©), ((Laureen, Christie), talk), ((Laureen, John), listen to music), 
((Laureen, Kris), play pool), ((Laureen, Candice), ping-pong), ((Laureen, Jaclyn), ©), ... 
((Chris, Jaclyn), play video games), ((Chris, Melissa), talk), (Chris, Chris), @) } 


Now to solve the problem: 


John and Christie are special elements because they get along with everyone. The best 
way to figure out who to have over my house is to first look at who has the most conflicts 
(Laureen or Jaclyn). Laureen can be grouped with Melissa and Candice. Jaclyn can be 
placed with Chris and Kris. To even out the groups (or subsets of Friends), John can be 
in the first group and Christie in the second. This means I will have to have two different 
groups over my house at different times: 


Group!: {Laureen, Melissa, Candice, John} 
Group2: {Jaclyn, Chris, Kris, Christie} 


Mini-Project The instructor’s comments have been added in red. 


My mini-project will consist of representing the real world problem of a need for 
alternative energy sources. The project will describe the different options in terms of 
efficiency, cost, availability, safety, and various other aspects. This will all be described 
or defined using discrete math in order to define and compare the different types of 
energy. I will attempt, to the best of my ability, to fully describe the problem of the 
depleting sources of fossil fuels, and to outline what other sources of energy could 
provide a solution. 


Energy Sources = (Types, locations, efficiency, abundance, byproducts, Xt) 


Set Types 


This set contains the 5 different types of energy sources being examined 
© |Types| = 5 


Types = {fossil fuels, solar, nuclear, wind, hydroelectric } 
e From this point on the following short-hand will be used to represent each of 
these elements of set “Types” 
o fossilfuels —ff 


o solar >s 

© nuclear >n 
oO wind >w 
o hydroelectric —h 


Function locations: Types — P(atitude, longitude) 
This function takes a member of set Types and returns the set containing the points on the 
globe where the energy source can be obtained from. 


locations = {(ff,A),(s,B),(n,C),(w,D),(h,E) } 
e where A,B,C,D,E each represent a unique set of points and are subsets of the 
Cartesian product of latitude and longitude: 


A,B,C,D,E Cc latitude x longitude 
e latitude = {x | -90<x<90} 
e longitude = {y | -180<y<180} 


This means that A,B,C,D,E are each a set of coordinates, for example assume: 


A={(40,13),(-84,53),(22,-120)} 


Then when function locations is called with ‘ff’ it would return the set A meaning that 
there are fossil fuel deposits at latitude 40 degrees and longitude 13 degrees and so on. 


Function efficiency: Types > % 
This function is used to determine the efficiency of a specific energy source. efficiency 
will be defined as: 
efficiency = (power generated) / cost 
where the higher the efficiency the better the source of energy. 


efficiency = {(ff,e1),(s,e2),(n,e3),(w,e4),(h,e5) } 
e where el,e2,e3,e4,e5 are real numbers representing the result of the calculated 
equation 


These real numbers are due to many factors however and without extensive research it 
would impossible to know the exact value of each, however using a Hasee Diagram it is 
possible to represent a possible hierarchy of these numbers. 


Function efficiency does not by 
itself create a poset at left. 
Another relation that specify the 
partial order is needed. 


(analogous for function 
abundance) 


Function abundance: Types > % 
This function represents the total amount of resources needed to use one of the mentioned 
processes for obtaining energy. 


abundance = {(ff,al1),(s,a2),(n,a3),(w,a4),(h,a5) } 
e where al,a2,a3,a4,a5 are real numbers. These numbers would be obtained by 
determining how many resources are needed to produce a specific amount of 
energy. Then, divide the total amount of resources available on the earth by this 
number. This would result in a standard number that can then be compared with 
other energy sources. 
For example: 

assume that it takes 10 kg of coal to produce 1000kJ of energy. Also assume that 
there are 1,000,000 kg of coal on earth. Then its abundance factor, al, would be 
1,000,000 kg / 10 kg or 100,000. 


These numbers can also be represented with a Hasee Diagram to get an idea of their 
general magnitude. 


Function Byproducts: Types — -V+W~39 {V, W, X} 
This function returns sets containing the byproducts of each energy source. 


Byproducts = { (ff, V),(s,W),(n,X),(w,W),(h, W) } 
e where V,W,X,Y,Z are sets and: 
o V= {COs, SO,, NOs>, CO, HO} 
o W=D 
o X= {radioactive waste, radiation} 


Discrete Mathematics 
Mini-Project 


At the Gym 
Brief Description 


After spending some time at the TCNJ gym, I realized how difficult it really was to 
workout consistently, without interruption. There are never enough machines for everyone to use 
when they want and for the amount of time they want to use them for. I started to recognize the 
discrete math in this situation and used this idea in coming up with an every-day real world 
problem related to this idea. 

Every now and then in the summertime, I like to go to the gym and have a ‘Fitness 
Session’ with some of my friends. A few of my friends are friends from the gym, and are always 
there, and some of them I know from other activities. We all like to use different equipment for 
different amounts of time, which can often result in a conflict. There are also more of us then 
there are of machines, so we must manage our time carefully. Besides the equipment available in 
the gym, there is a small lunch cafeteria and a heated pool that some people can use while taking 
a break or waiting for equipment. The problem is that some of my friends do not like each other, 
so these sets of people should not be out socializing at the same time. Therefore, I would like to 
use discrete mathematics to form a structure for the Gym, and find a sufficient solution as to how 
we can manage our time in the gym together so that none of us are ever stationary, given that we 
would like to spend the minimal amount of time there, using our time as efficiently as possible. 


I will simplify the structure of a typical gym greatly, using only a few pieces of equipment and 
only allowing my friends entrance into the gym. This will simplify the topic enough that I will not 
have huge lists of sets and relations in the problem. 


Gym = (Friends, People, Equipment, Treadmill, Bike, Dumbbells, Cafeteria, Pool, uses, 
goesOnAfter, fightsWith, timeLength) 

To do this, it was imperative for me to define a number of sets that are involved in this scenario. 
"Friends" will represent the set of my friends in the gym, "Treadmill" will be the set of available 
treadmills, "Bike" the set of available bikes, "Dumbbell" the set of available dumbbells, "Pool" 
the set of pools, and "Cafeteria" the set of cafeterias. 

Friends= {Sarah, Claire, Josh, Laural, Tim, Peter, Lauren, Nikki, Noah, Katie, Jo} 

Treadmill = { TM1, TM2, TM3} 

Bike = { B1, B2} 

Dumbbells = {D} 

Cafeteria = {cafeteria} 


Pools = {smallPool} 


Equipment = {Treadmill, Bike, Dumbbells } 


Furthermore, since I am not my friend, but am at the gym, there is a set called "People". 
Logically, 
Friends is a subset of People and People-Friends = Me 


When my friends and I go to the gym, there are specific pieces of equipment that each of us 
would like to use. During our short trip to the gym this summer, we would all like to complete 
our workouts by using our favorite equipment. The relation "uses" in this situation can describe 
the relation between each person and the equipment that each person would like to use during 
their visit. It is logical to use a relation in this instance because each person may want to go on 
more than one piece of equipment. 


uses = {(Sarah, Treadmill), (Sarah, Bike), (Claire, Dumbbells), (Josh, Treadmill), (Josh, 
Dumbbells), (Josh, Bike), (Laural, Bike), (Tim, Dumbbells), (Tim, Treadmill), (Peter, 
Treadmill), (Peter, Dumbbells), (Lauren, Bike), (Lauren, Dumbbells), (Nikki, Bike), 
(Noah, Dumbbells), (Katie, Treadmill), (Katie, Bike), (Jo, Dumbbells), (Jo, Bike), (Me, 
Treadmill), (Me, Dumbbells) } 
Type: People X Equipment 


In trying to make our trip as short as possible, we need to keep in mind that each activity requires 
a different amount of time. Therefore, "timelength" is a function describing the amount of time 
needed on each activity. 


timeLength = { (Treadmill, 30), (Bike, 20), (Dumbbells, 10) } 
Type: Activities? Minutes 


Obviously, taking the different times, desired activities of each friend, as well as the limited 
number of equipment into account, we can see that not everyone will be able to work out on 
equipment at the same time. Because of this, the gym has some "common activities" that my 
friends can engage in when they are not working out: a pool and a cafeteria. However, these are 
also considered social activities because a number of people group together and share in having 
lunch or swimming in the pool. Some of my friends do not get along, and in fact fight when they 
hang out together. Therefore, it is necessary to make sure that those who fight with each other do 
not engage in these social activities at the same time and place. The relation "fightsWith" 
describes the friends that fight with each other. As can be inferred, this relation is symmetric 
because if one person fights with another, the other one will fight back. 


fightsWith = { (Tim, Josh), (Josh, Tim), (Laural, Tim), (Tim, Laural), (Nikki, Noah), (Noah, 
Nikki), (Josh, Jo), (Jo, Josh), (Sarah, Lauren), (Lauren, Sarah), (Claire, Peter), (Peter, Claire) } 
Type: Friends X Friends 


Solution: 


Based on this information, I made a plan outlining a "schedule" of who should be on what 
equipment at a certain time. In order to make our visit to the gym as short as possible, (as it is 
very nice outside) I created a function describing how each person would go onto the specified 
equipment directly after another is finished. This is called "goesOnAfter", and is logically 
represented as a function because there can only be one person going on a specific machine after 
another is finished. This person is unique to the time and circumstance. 


goesOnAfter = {((Lauren, Me), D), ((Me, Peter), D), ((Peter, Josh), D), ((Josh, Jo), D), ( (Jo, 


Noah), D), ( (Noah, Tim), D ), ( (Tim, Claire), D ), ( (Katie, Lauren), B1), 
((Lauren, Sarah), B1), ( (Sarah, Josh), B1 ), ( (Jo, Laural), B2), ( (Laural, Nikki), 
B2 ), ( (Sarah, Me), TM1), ( Josh, Peter), TM2 ), ( (Tim, Katie), TM3 )} 

Type : (Friends X Friends) ? Equipment. 


With the help of these relations and functions in the structure of the 'Gym’, I realized that if we go 
to the gym at 12:00, we can all complete our workouts and leave by 1:20. Moreover, following 
the "goesOnAfter" function and "fightsWith" relation, we have the following structure satisfying 
our conditions: 


*Note: The colors represent the times each person gets on a machine. We see that this model 


mom 


follows "goesOnAfter", "timeLength", and ensures that no one should fight with anyone else. 


Dumbbells (10 minutes) Bike (20 minutes) Treadmill (30 minutes) 

D Bl B2 TMI TM2 TM3 

Lauren (12) Katie (12) Jo (12) Sarah (12) Josh (12) Tim (12) 

Me (12:10) Lauren (12:20) Laural (12:20) Me (12:30) Peter (12:30) Katie (12:30) 
Peter (12:20) Sarah (12:40) Nikki (12:40) 

Josh (12:30) Josh (1) 

Jo (12:40) 

Noah (12:50) 

Tim (1) 


Claire (1:10) 


Times and Groups in Common Grounds (smallPool, cafeteria) 


smallPool cafeteria 

12: Claire, Noah, Me 12: Peter, Nikki, Laural 

12:10: Claire, Noah, Lauren 12:10: Peter, Nikki, Laural 

12:20: Claire, Noah, Katie 12:20: Me, Nikki, Jo 

12:30: Claire, Noah, Tim 12:30: Sarah, Nikki, Jo 

12:40: Claire, Noah, Tim 12:40: Lauren, Laural, Josh 

12:50: Claire, Jo, Tim 12:50: Lauren, Laural, Josh 

1: Claire, Jo, Noah, Me, Katie 1: Lauren, Laural, Sarah, Peter, Nikki 


1:10: Tim, Jo, Noah, Me, Katie 1:10: Lauren, Laural, Sarah, Peter, Nikki 


1:20: Tim, Jo, Noah, Me, Katie, Lauren, Laural, Sarah, Peter, Nikki, Josh, and Claire are finished 


4 April 2003 The instructor’s comments have been added in red. 


Mini Project 
The debate over which college to go to is always a big one. People put their 
applicantions out and anticipate a letter of acceptance. Some people get that letter and 
some people do not. This brings out the relation AcceptedTo, which returns a Boolean 
value, true or false. 
Students: the sets of all students 
Colleges: the set of all colleges 
AcceptedTo © Students x Colleges 
It is important to use a relation rather than a function because one student can be 
accepted to more than one college. Although to make it more complicated, some of the 
students are dating. This brings about the relation: 
IsDating € Students x Students 
Then there has to be the relation WillGoTo. This is a relation because there-is-ne 
eutput One may or may not go to a college. 
WillGoTo ¥ & Students x Colleges 
The students set up a few rules to go by so that everyone is spaced out and hangs 
out with different people. This will help them party at different colleges and hang out 
with a bigger group overall. 
1. Everybody goes to college. 
2. If two people are dating, they want to go to the same college. 
3. No one can go to a college that they weren’t accepted to. 


4. Kevin and Tony do not go the same college. 


5. No more than two people go to the same college. 


In First-Order Logic, these rules should look somewhat like this: 

1. Vxdy(S(x) A C(y) — WillGoTo(x,y)) 
(x is a student and y is a college 
[For a technical reason, this should be written as Vxdy(S(x) > (C(y) A 
WillGoTo(x,y)))] 

2. VxVy(Dating(x, y) > Az(WillGoTo(x, z) A WillGoTo(y, z))) 
(x and y are different students and y is any college) 

3. VxVy(7(AcceptedTo(x, y)) — —(WillGoTo(x, y))) 
(x is a student and y is a college) 

4. Ax(WillGoTo(Kevin, x) — —(WillGoTo(Tony, x))) 
(x is a college) 

5. VxVyVzVq(((WillGoTo(x, q) A WillGoTo(y, q) A WillGoTo(z, q)) > (x #y Vv 
y#ZVZ#xX)) > -(WillGoTo(z, q))) 


(x, y, and z are all different students and q is a college) 


This is the chart showing who got accepted where: 


AcceptedTo Colleges 
TCNJ Rider Rowan Rutgers 

Alan F T T T 

Tony T T F F 

Students Kevin T T T T 
Jon F T T F 

Emily F F T T 

Katie F T F F 


According to the chart, the list notation of the relation AcceptedTo should look 
like this: 

AcceptedTo = {(Alan, Rider), (Alan, Rowan), (Alan, Rutgers), (Tony, 
TCNJ), (Tony, Rider), (Kevin, TCNJ), (Kevin, Rider), (Kevin, 
Rowan), (Kevin, Rutgers), (Jon, Rider), (Jon, Rowan), (Emily, 
Rowan), (Emily, Rider), (Katie, Rider) } 

The structure of this dilemma is called Decisions. This holds the two sets, 
Students and Colleges, the three relations: AcceptedTo, Dating, and WillGoTo. 
Structure: Decisions = (Students, Colleges, AcceptedTo, IsDating, WillGoTo) 

Sets: Students = {Katie, Tony, Kevin, Jon, Emily, Alan} 

Colleges = {TCNJ, Rowan, Rider, Rutgers} 

Relation: IsDating = {(Katie, Alan), (John, Emily), (Alan, Katie), (Emily, Jon) } 


Can you tell who is going where? 


Because Alan and Katie are dating, they will go to the same college. That college 
has to be Rider. Jon and Emily are also dating, so they are both have to go to Rowan. 
Kevin is a special case because he got accepted everywhere. Tony is also left. Rule 4 
states that they cannot go to the same college. Rule 5 also says that no more than two 
people can go to the same college. Looking at the Acceptance Chart, you can see that 


Tony is going to TCNJ and Kevin is going to Rutgers. 


Your final self-evaluations have been adjusted. Your course grades have also been reported to 
The College and must be available through TESS. The details of your grading components are 
available through the grades page (http://www.tcnj.edu/~komagata/grades.html). 


Course grade: The final cutoff points are the same as the target cutoff points as shown below: 


Letter grade of | If your overall score is at least 
A 93 
A- 90 
B+ 87 
B 83 
B- 80 
C+ 77 
C 73 
C- 70 
D+ 67 
D 60 


Some of you must feel that you’d rather be in a different grade group. I understand such a 
feeling, and I really hate this final process of “quantifying your multiple-dimensional ability.” 
But I have finalized the cutoffs and will stick to them. In reality, I do not see you through these 
numbers; I see you through your efforts in various forms, including all those exercises and 
questions you asked. I believe that your efforts, not grades, will eventually matter in your life. 
Although I carefully reviewed your work to the best of my ability, I cannot say that I did it as 
accurate as I wish. I strongly encourage that you come to my office and examine your work and 
my adjustment (in the spring semester) so that you can make sure that your efforts are 
appropriately credited. In case there is an error, I will correct it (and if applicable, I will adjust 
your course grade accordingly). 


I would like to thank you for your inputs throughout the semester. 
<< Nobo 


P.S. You are probably tired of this topic. So, there is absolutely no need to stay with me any 
longer. But in case you want to know what happened to the Slime Scene and some other stuff, 
here are my last notes (rather long). 


Slime Scene (Final Comprehensive Exercise 3) 

Although you must have known that the Slime Scene corresponds to the Crime Scene, the key to 

answer 3A correctly is to analyze the Slime Scene without being influenced by the Crime Scene. 

So, to find the smallest satisfying structure, let us consider Law and Fact one by one. 

e Law 1 requires that F have at least one member, say, ‘Y”. 

e As shown below, Law 2 in conjunction with Law 1 requires that there be at least one 
member that is shared by C and V. At this point, nothing prohibits us to consider C= V= F 


={Y'}. 


1. Arf) [Law 1] 

2. (ax (c(x) A v(x) 9 (Fax fx) [Law 2] 

3. (Ax fx) > (Ax (c(x) A v(x))) [Contrapositive: 2.] 
4. Ax (c(x) A v(x)) [MP: 2., 3.] 


e Law 3 requires that C have at least 2 members. So, we might change C to {‘V, & }. 

e Fact requires that P have as many members as C. So, let us suppose P= C = {°V, &}. 

e Law 5 requires that ‘Y be related to itself through s because ‘Y° satisfies both / and v. This 
does not require any change yet. 

e As shown below, Law 4 prohibits anything from being related to itself through s as long as it 
satisfies both h and v. But this violates the previous step. We cannot have ‘Y satisfy both h 
and v. Thus, we need another object, say, Il, instead. As a result, we have P ={ IL, W}, C= 
{V, \%} for Slimeo. 

—Axdy (h(x) A c(y) A s(x, y)) 


& Va-dy (A(x) A cy) A S(x, y)) [moving the negation across the first 
quantifier] 

& VxVy =(A(x) A c(y) A s(x, y)) [moving the negation across the second 
quantifier] 

& VaxVy (A(A(x) A c(y)) V a(x, y)) [De Morgan’s law, while keeping h(x) A c(y) 
intact] 

& VxVy (A(x) A c(y)) > —s(x, y)) [‘—’ shorthand] 


Now, the most common answer to Module B Comprehensive Exercise 2F involved 5 objects 
(let’s call it CrimeScene). Then, Slimep and CrimeScene are not isomorphic because they have 
different number of objects. Note that the notion of “isomorphism” applies to two structure 
instances. So, your analysis of isomorphism depends on the structure you have. For example, if 
you were unable to come up with the smallest structure in the Final and got your own Slimeo 
with 5 objects. Then, your Slime and CrimeScene could be isomorphic (also if all the other 
sets and relations are identical). The logic part of the two problems (Slime Scene and Crime 
Scene) is the same (except possibly for “extraneous” semantic assumptions associated with the 
informal statements in Crime Scene). So, both of them must specify the identical collection of 
structures. Note that there are infinitely many structures that would satisfy Law and Fact, as 
discussed in Problem 3B. In Module B Comprehensive Exercise 2G, when you were asked to 
replace “cat” with “youngster,” which can be human or animal (according to dictionaries), still 
none of you pointed out the possibility of an object being both “cat” and “human” (well, that is 
natural, but haven’t you seen Batman?). I believe that situations like this actually happen all the 
time. 


Egotruism (Final Comprehensive Exercise 4) 


Although you might think that the recursive functions used in this exercise are rather exotic ones, 
there are many applications of that kind of equation, called “logistic equation.” Its general 
pattern has the form: x; +, =k x1 — x;), where the value of x; ; changed from the previous 
iteration x;. By repeatedly using this equation, we can simulate population/resource growth in 
Biology, Economics, etc. Logistic equations also plays an important role in Chaos Theory, 
analysis and modeling of a variety of natural and artificial phenomena, where a small amount of 


change in the initial condition can lead to possibly chaotic behaviors (out of deterministic 
components). 


Proofs (Performance Goal 6b) 


Proofs are used in math and other areas because the syntactic manipulations are mechanical (i.e., 
supposed to be “fool-proof,” which is not entirely true), yet all of the manipulations maintain the 
truth condition. That is, such syntactic manipulation does not change the collection of valid 
statements. This guarantees that the structure that would satisfy the hypotheses would still 
satisfy the statement added to the hypotheses. In mathematical logic, the technical term “theory” 
is used to refer to a collection of statements that can be derived from hypotheses. The predictive 
power of a theory (both in mathematical and general senses) comes from this point. With a finite 
set of hypotheses, we could derive potentially infinitely many statements, some of which may be 
useful in some case/time. 


Logic-Structure Connection (Performance Goal 2c, 3c, 5b) 


By now, many of you must have got a sufficiently broad view of the logic-structure connection, 
not just between FOL formulas and formal/mathematical structures. In your take-home exercise 
self-evaluation forms, you were asked to connect the logic-structure connection with the use of 
language. Were you able to analyze the sentence-meaning connection in this way? We can also 
see this in other forms, e.g., form and content (in general), symbol and meaning, academic 
courses and their effects, etc. In particular, I would like to comment on the last one. In this (and 
any other course), students always have a whole lot of different experiences, depending on their 
motivations, interests, attitudes, backgrounds, etc. In a sense, any course is just a form (logic). It 
is entirely up to you to interpret (structure) it. You may not like X, Y, and Z about this and other 
courses. But I think it is pointless if you just feel bad and occasionally and quietly complain on 
your exercises/evaluation, e.g., “I do not think that this question farther our knowledge of the 
problem, but instead lowered the ink in our pens.” On the other hand, I respect students who 
maintained a positive attitudes throughout the semester despite frustration and difficulty. To me, 
any class is a vivid manifestation of different structures satisfying the same logic. 


The logic-structure connection is also relevant to types of exercise problems. This semester, we 
tackled more open-ended (according to some students, “poorly-defined”) problems than the 
previous semester. Naturally, there were more answers in most cases (or no complete answer in 
certain cases). I think it is more important to be able to tackle open-ended problems even if 
one’s attempt is coarse (cf. being able to solve text-book-style problems neatly). Many problems 
(logic) have as many solutions (structures) as the number of students. And, in many cases, it is 
the context that matters, and that aspect is often removed from text-book-style problems. Some 
of you still request “solutions.” Well, I’m sorry that I cannot satisfy your request. I would still 
argue on this point if you contest. 


Evaluation 


To me, one of the most frustrating aspects of the evaluation was the use of the 0-10 scale. Since 
I declared it in the syllabus, I did not change it. But frankly, I had hard time as much as or 
probably more so than you did. I felt more comfortable with the other method used in another 
course (CMSC485-05), involving much less quantification. In addition, you know that I 
struggled to come up with an acceptable self-evaluation form. I think that a part of the problem 


with the evaluation forms in this course is also tied to the use of the 0-10 scale. Next semester, I 
will try different forms (in other courses). Here is a preliminary example for my section of First 
Year Seminar (http://www.tcnj.edu/~komagata/fsp101/04s/Eval-A.pdf). I would very much 
appreciate if you take a look at it and send me comments. I will be trying to tie learning goals, 
student assessment, and learning activities in a more direct way using evaluation forms like this. 
You may also notice that the main principle of my section of First Year Seminar is the symbol- 
meaning connection, another facet of the logic-structure connection, which will be used to 
analyze information, language, and computation. 


Thank you, if you are still there. 


// End 


